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Abstract. In this paper we consider ρ-Einstein solitons that are conformal to a pseudo-
Euclidean space and invariant under the action of the pseudo-orthogonal group. We provide
all the solutions for the gradient Schouten soliton case. Moreover, we proved that if a gra-
dient Schouten soliton is both complete, conformal to a Euclidean metric, and rotationally
symmetric, then it is isometric to R × S

n−1.

1. Introduction and main statements

In 1982 Hamilton [1] introduced the Ricci flow equation

∂

∂t
g(t) = −2Ric(g(t))

where Ric(g(t)) is the Ricci curvature of the metric g(t). A important aspect in the
treatment of the Ricci flow is the study of Ricci solitons, which generate self-similar
solutions to the flow and often arise as singularity models.

Given a semi-Riemannian manifold (Mn, g), n ≥ 3, we say that (M, g) is a
gradient Ricci soliton if there exists a differentiable function f : M −→ R (called
the potential function) such that

Ricg + Hessg( f ) = λg, λ ∈ R,

where Ricg is the Ricci tensor, Hessg( f ) is the Hessian of f with respect to the
metric g, and λ is a real number.

We say that a gradient Ricci soliton is shrinking, steady, or expanding if λ > 0,
λ = 0, or λ < 0, respectively. Bryant [2] proved that there exists a complete, steady,
gradient Ricci soliton that is spherically symmetric for any n ≥ 3, which is known
as Bryant’s soliton. In the bi-dimensional case an analogous nontrivial rotationally
symmetric solution was obtained explicitly, and is known as the Hamilton cigar.
RecentlyCao andChen [3] showed that any complete, steady, gradientRicci soliton,
locally conformally flat, up to homothety, is either flat or isometric to the Bryant’s
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soliton. The results obtained in [3] were extended to bach - flat gradient steady Ricci
solitons (see [4]). Complete, conformally flat shrinking gradient solitons have been
characterized as being quotients of Rn , Sn or R × S

n−1 (see [5]).
In the case of steady gradient Ricci solitons, [6] provide all such solutions when

the metric is conformal to an n-dimensional pseudo-Euclidean space and invariant
under the action of an (n − 1)-dimensional translation group.

Motivated by the notion of Ricci solitons on a semi-Riemannian manifold
(Mn, g), n ≥ 3, it is natural to consider geometric flows of the following type:

∂

∂t
g(t) = −2(Ric − ρRg) (1)

for ρ ∈ R, ρ �= 0, as in [7]. We call these the Ricci–Bourguignon flows. We notice
that short time existence for the geometric flows described in (1) is provided in
([8]). Associated to the flows, we have the following notion of gradient ρ-Einstein
solitons, which generate self-similar solutions:

Definition 1.1. Let (Mn, g) , n ≥ 3, be a Riemannian manifold and let ρ ∈ R, ρ �=
0. We say that (Mn, g) is a gradient ρ-Einstein soliton if there exists a smooth
function f : M −→ R, such that the metric g satisfies the equations

Ricg + Hessg f = ρRg + λg (2)

for some constant λ ∈ R, where R is the scalar curvature of the metric g.

A ρ-Einstein soliton is said to be shrinking, steady, or expanding if λ > 0,
λ = 0, or λ < 0, respectively. Furthermore, a ρ-Einstein solitons is said to be a
gradient Einstein soliton, gradient traceless Ricci soliton, and gradient Schouten
soliton if ρ = 1

2 , ρ = 1
n , and ρ = 1

2(n−1) , respectively.
In [7] the authors studied the ρ-Einstein solitons and obtained important rigidity

results, proving that every compact gradient Einstein, Schouten, or traceless Ricci
soliton is trivial.

In this paper we study Eq. (2) in semi-Riemannian manifolds. We consider gra-
dient ρ-Einstein solitons conformal to a pseudo-Euclidean space, which are invari-
ant under the action of the pseudo-orthogonal group. More precisely, let (Rn, g) be
the standard pseudo-Euclidean space with metric g and coordinates (x1, . . . , xn),
with gi j = δi jεi , 1 ≤ i, j ≤ n, where δi j is the Kronecker delta, and εi = ±1,
with at least one εi equal to one. Let r = ∑n

i=1 εi x2i be a basic invariant for an
(n − 1)-dimensional pseudo-orthogonal group. The main objective of this paper is
to found the necessary and sufficient conditions for the existence of differentiable
functions ϕ(r) and f (r) such that the metric ḡ = g

ϕ2 satisfies the equation

Ricḡ + Hessḡ f = ρ R̄ḡ + λḡ (3)

with ρ = 1/2(n − 1).
We initially find a system of differential equations, that functions f and ϕ must

satisfy, so that the metric ḡ = g/ϕ2 satisfies (3) (see Theorem 1.1).
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Note that if the solutions are invariant under the action of the pseudo-orthogonal
group, the system of partial differential equations given in Theorem 1.1 can be
transformed into a system of ordinary differential equations (see Theorem 1.1).

Considering ρ = 1
2(n−1) , in Lemma 1.1 we found conditions necessary for the

functions to be solutions of the system of ODE in Corollary 1.1 . Finally, we obtain
the necessary and sufficient conditions on f (r) and ϕ(r) for the existence of one
gradient Schouten soliton. In this case, all solutions are given explicitly. Moreover,
in the Riemannian case, we prove that if (Mn, g),n ≥ 3 is complete, conformal to
a Euclidean metric, rotationally symmetric, and satisfying

Ricḡ + Hessḡ f = R̄

2(n − 1)
ḡ + λḡ (4)

for same λ ∈ R, then (Mn, g) is shrinking and isometric to R × S
n−1. In [7], the

authors showed that any complete metric must be Ricci flat if it satisfies (4) for
λ = 0.

Remark 1.1. Note that if λ = 0 and ρ = 0, Eq. (3) represents a steady gradient
Ricci soliton that admits solutions.

Inwhat follows,we state ourmain results.Wedenote the second order derivative
of ϕ and f by ϕ,xi x j and f,xi x j , respectively, with respect to xi x j .

Theorem 1.1. Let (Rn, g),n ≥ 3, be a pseudo-Euclidean space with coordinates
x = (x1, . . . , xn)andmetric components gi j = δi jεi , 1 ≤ i, j ≤ n,where εi = ±1,
with at least one εi equal to one. Consider a smooth function f : Rn −→ R. There
exists a metric ḡ = 1

ϕ2 g such that (Rn, ḡ) is a gradient ρ-Einstein soliton with f
as a potential function if, and only if, the functions ϕ, and f satisfy

(n − 2)ϕ,xi x j + ϕ f,xi x j + ϕ,xi f,x j + ϕ,x j f,xi = 0, i �= j, (5)

ϕ
[
(n − 2) ϕ,xi xi + ϕ f,xi xi + 2ϕ,xi f,xi

]

+ εi

n∑

k=1

εk

[
(n − 1)

(
ρnϕ2

,xk − 2ρϕϕ,xk xk − ϕ2
,xk

)

−ϕϕ,xk f,xk + ϕϕ,xk xk

] = λεi , i = j. (6)

Our objective is to determine solutions of the system (5), (6) of the formϕ(r) and
f (r), where r = ∑n

i=1 εi x2i . The following theorem reduces the system of partial
differential equations (5) and (6) into an equivalent system of ordinary differential
equations.

Corollary 1.1. Let (Rn, g),n ≥ 3, be a pseudo-Euclidean space with coordinates
x = (x1, . . . , xn)andmetric components gi j = δi jεi , 1 ≤ i, j ≤ n,where εi = ±1,
with at least one εi equal to 1. Consider smooth functions ϕ(r) and f (r) with
r = ∑n

k=1 εk x2k . Then there exists a metric ḡ = 1
ϕ2 g such that (R

n, ḡ) is a gradient
ρ-Einstein soliton with f as a potential function if, and only if, the functions ϕ and
f satisfy

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0, (7)
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and

2ϕ
[
(n − 2) ϕ′ + ϕ f ′] + 2n[1 − 2(n − 1)ρ]ϕϕ′ (8)

+ 4r
{
(n − 1)

[
(ρn − 1) (ϕ′)2 − 2ρϕϕ′′]

− ϕϕ′ f ′ + ϕϕ′′} = λ.

When ρ = 1
2(n−1) , we obtain the following result:

Corollary 1.2. Let (Rn, g),n ≥ 3, be a pseudo-Euclidean space with coordinates
x = (x1, . . . , xn) and metric components gi j = δi jεi , 1 ≤ i, j ≤ n, where ε = ±1,
with at least one εi equal to one. Consider smooth functions ϕ(r) and f (r) with
r = ∑n

k=1 εk x2k . Then there exists a metric ḡ = 1
ϕ2 g such that (R

n, ḡ) is a gradient
Schouten soliton with f as a potential function if, and only if, the functions ϕ and
f satisfy

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0, (9)

and

ϕ
[
(n − 2) ϕ′ + ϕ f ′] + r

[
(2 − n) (ϕ′)2 − 2ϕϕ′ f ′] = λ

2
. (10)

The following lemma gives the necessary conditions to have solutions for the
system (9) and (10).

Lemma 1.1. Consider smooth functions ϕ(r) and f (r) such that r = ∑n
i=1 εi x2i .

If ϕ(r) and f (r) satisfy (9) and (10), then ϕ(r) satisfies the following ordinary
differential equation:

rϕϕ′′ = r
(
ϕ′)2 − ϕϕ′.

As a consequence of Lemma 1.1, we found all the conformal metrics, invariant
by the action of the pseudo-orthogonal group, that are gradient Schouten solitons.

Theorem 1.2. Let (Rn, g),n ≥ 3, be a pseudo-Euclidean space with coordinates
x = (x1, . . . , xn) and metric component gi j = δi jεi , 1 ≤ i, j ≤ n, where ε = ±1,
with at least one εi equal to one. Consider smooth functions ϕ(r) and f (r) such
that r = ∑n

k=1 εk x2k . Then there exists a metric ḡ = 1
ϕ2 g such that (Rn, ḡ) is a

gradient Schouten soliton with f as a potential function if, and only if, the functions
ϕ and f are given by

⎧
⎪⎨

⎪⎩

ϕ(r) = krs,

f (r) = (2−n)(1−s)s
(1−2s) ln r + λr1−2s

2k2(1−2s)2
+ k1, f or s �= 1

2 ,

f (r) = (n−2)
8 (ln r)2 + c ln r + c1, f or s = 1

2 ,

where s ∈ R
∗+ and c, c1 ∈ R.

Corollary 1.3. Let (Mn, ḡ), n ≥ 3, a complete gradient Schouten soliton, confor-
mal to a Euclidean metric and rotationally symmetric, where ḡi j = δi j/ϕ

2. Then
(Mn, ḡ) is shrinking and isometric to R × S

n−1.
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In the case n = 2, Eq. (4) reduces to the gradient Yamabe solitons equation,
i.e.,

Hessḡ f =
(

− R̄ḡ

2
+ λ

)

ḡ (11)

and in this case the metric ḡ is a gradient Yamabe soliton (see [9] and [10]). In
Theorem1.3wefind all solutions of (11) that are conformal to the pseudo-Euclidean
metric and invariant under the action of the pseudo-orthogonal group.

Theorem 1.3. Let
(
R
2, g

)
, be a pseudo-Euclidean space with coordinates x =

(x1, x2) and gi j = δi jεi . Consider smooth functions ϕ(r) and f (r) with r =
ε1x21 + ε2x22 . There exists a metric ḡ = 1

ϕ2 g such that
(
R
2, ḡ

)
is a gradient Yamabe

soliton with f as a potential function if, and only if, the functions ϕ and f satisfy

⎧
⎪⎪⎨

⎪⎪⎩

ϕ(r) = k1r

(
2k−λ
4k

)

,

f (r) = 2k2

k21λ
r

(
λ
2k

)

+ c, f or λ �= 0

f (r) = k2 ln r + k3 f or λ = 0,

where k, k1, k2 ∈ R
∗+ and k3, c ∈ R.

In the Riemannian case and with λ = 0, the metrics obtained in Theorem 1.3
are complete and isometric to R × S

1.

The last result appears in [9].

2. Proofs of the main results

Proof of Theorem 1.1. It is well known (see, e.g., [6]) that if ḡ = g
ϕ2 , then

Ricḡ = 1

ϕ2 {(n − 2)ϕHessg(ϕ) + [ϕ�gϕ − (n − 1)|∇gϕ|2]g}

and

R̄ = (n − 1)
(
2ϕ�gϕ − n|∇gϕ|2

)
.

Hence, the equation

Ricḡ + Hessḡ( f ) = ρ R̄ḡ + λḡ,

is equivalent to

1

ϕ2 {(n − 2)ϕHessg(ϕ)i j + [ϕ�gϕ − (n − 1)|∇gϕ|2]δi jεi } + Hessḡ( f )i j

=
[
ρ(n − 1)(2ϕ�gϕ − n|∇gϕ|2) + λ

] 1

ϕ2 δi jεi . (12)
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Recall that,

Hessḡ( f )i j = f,xi x j −
n∑

k=1

	̄k
i j f,xk

where 	̄k
i j are the Christoffel symbols of the metric ḡ. For a distinct i, j, k, we have

	̄k
i j = 0, 	̄i

i j = −ϕ,x j

ϕ
, 	̄k

ii = εiεk
ϕ,xk

ϕ
, 	̄i

i i = −ϕ,xi

ϕ
,

therefore,

Hessḡ( f )i j = f,xi x j + ϕ,x j f,xi
ϕ

+ ϕ,xi f,x j
ϕ

, i �= j. (13)

Similarly, by considering i = j , we have

Hessḡ( f )i i = f,,xi xi + 2ϕ,xi f,xi
ϕ

− εi

n∑

k=1

εk
ϕ,xk f,xk

ϕ
. (14)

However, we note that

|∇gϕ|2 =
n∑

k=1

εk

(
∂ϕ

∂xk

)2

, �gϕ =
n∑

k=1

εkϕ,xk xk , Hessg(ϕ)i j = ϕ,xi x j . (15)

If i �= j in (12), we obtain

(n − 2)
Hessg(ϕ)i j

ϕ
+ Hessḡ( f )i j = 0. (16)

Substituting the expressions found in (13), and (15) into (16), we obtain

(n − 2)ϕ,xi x j + ϕ f,xi x j + ϕ,xi f,x j + ϕ,x j f,xi = 0, i �= j.

Similarly, if i = j in (12), we have

(n − 2)ϕHessg(ϕ)i i + ϕ�gϕεi − (n − 1)|∇gϕ|2εi + ϕ2Hessḡ( f )i i

= 2(n − 1)ρ�gϕεi − n(n − 1)ρ|∇gϕ|2εi + λεi . (17)

Substituting the expressions found in (14), and (15) into (17), we obtain

ϕ
[
(n − 2) ϕ,xi xi + ϕ f,xi xi + 2ϕ,xi f,xi

]

+ εi

n∑

k=1

εk

[
(n − 1)

(
ρnϕ2

,xk − 2ρϕϕ,xk xk − ϕ2
,xk

)

−ϕϕ,xk f,xk + ϕϕ,xk xk

] = λεi .

This concludes the proof of Theorem 1.1. 
�
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Proof of Corollary 1.1. Let ḡ = ϕ−2g be a conformalmetric of g.We are assuming
that ϕ(r) and f (r) are functions of r , where r = ∑n

k=1 εk x2k . Hence, we have

ϕ,xi = 2εi xiϕ
′, ϕ,xi xi = 4x2i ϕ

′′ + 2εiϕ
′, ϕ,xi x j = 4εiε j xi x jϕ

′′

and

f,xi = 2εi xi f
′, f,xi xi = 4x2i f

′′ + 2εi f
′, f,xi x j = 4εiε j xi x j f

′′.

Substituting these expressions into (5), we obtain

4εiε j (n − 2)xi x jϕ
′′ + 4εiε j xi x jϕ f ′′ + (2εi xiϕ

′).(2ε j x j f
′)

+ (2ε j x jϕ
′).(2εi xi f ′) = 0,

which is equivalent to

4εiε j
[
(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′] xi x j = 0.

Since there exist i �= j , such that xi x j �= 0, we have

(n − 2)ϕ′′ + f ′′ϕ + 2ϕ′ f ′ = 0.

Similarly, considering the Eq. (6), we obtain

4ϕ
[
(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′] x2i + 2ϕ

[
(n − 2) ϕ′ + ϕ f ′] εi

+ 2εi n[1 − 2(n − 1)ρ]ϕϕ′

+ 4εi

n∑

k=1

εk x
2
k

{
(n − 1)

[
(ρn − 1) (ϕ′)2 − 2ρϕϕ′′] − ϕϕ′ f ′ + ϕϕ′′} = λεi .

Note that (n−2)ϕ′′ +ϕ f ′′ +2ϕ′ f ′ = 0 and r = ∑n
k=1 εk x2k . Therefore, we obtain

2ϕ
[
(n − 2) ϕ′ + ϕ f ′] + 2n[1 − 2(n − 1)ρ]ϕϕ′

+ 4r
{
(n − 1)

[
(ρn − 1) (ϕ′)2 − 2ρϕϕ′′] − ϕϕ′ f ′ + ϕϕ′′} = λ.

This concludes the proof of Corollary 1.1. 
�
Proof of Corollary 1.2. Simply substitute ρ = 1

2(n−1) into Eq. (8), and the result
follows. 
�
Proof of Lemma 1.1. Differentiating both sides of the Eq. (10), we obtain

ϕ′ [(n − 2)ϕ′ + ϕ f ′] + ϕ
[
(n − 2)ϕ′′ + ϕ′ f ′ + ϕ f ′′] +

[
(2 − n)

(
ϕ′)2 − 2ϕϕ′ f ′]

r
{
2(2 − n)ϕ′ϕ′′ − 2

[(
ϕ′)2 f ′ + ϕϕ′′ f ′ + ϕϕ′ f ′′]} = 0.

This is equivalent to
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(n − 2)
(
ϕ′)2 + ϕϕ′ f ′ + (n − 2) ϕϕ′′ + ϕϕ′ f ′ + ϕ2 f ′′ + (2 − n)

(
ϕ′)2 − 2ϕϕ′ f ′

+ 2 (2 − n) rϕϕ′′ − 2r
(
ϕ′)2 f ′ − 2rϕϕ′′ f ′ − 2rϕϕ′ f ′′ = 0. (18)

By the first equation in Theorem 1.1, we obtain

ϕ f ′′ = − [
(n − 2)ϕ′′ + 2ϕ′ f ′] . (19)

Substituting (19) into (18), we obtain

(n − 2)ϕϕ′′ − ϕ
[
(n − 2)ϕ′′ + 2ϕ′ f ′] + 2(2 − n)rϕ′ϕ′′ − 2r

(
ϕ′)2 f ′

− 2rϕϕ′′ f ′ + 2rϕ′ [(n − 2)ϕ′′ + 2ϕ′ f ′] = 0,

which is equivalent to

2ϕϕ′ f ′ − 2r
(
ϕ′)2 f ′ + 2rϕϕ′′ f ′ = 0.

How f ′ �= 0, we have that

rϕϕ′′ = r(ϕ′)2 − ϕϕ′.

This concludes the proof of Lemma 1.1. 
�
Proof of Theorem 1.2. We know by Lemma 1.1, that the conformal factor neces-
sarily satisfies the equation

rϕϕ′′ = r(ϕ′)2 − ϕϕ′.

Dividing the above equation by rϕ2, we can verify that
(

ϕ′

ϕ

)′
= −1

r

ϕ′

ϕ
.

Making y = ϕ′
ϕ
we obtain

y = sr−1

where s ∈ R
∗+. Therefore

ϕ = krs, (20)

where k ∈ R
∗+.

Since ϕ and f satisfy Eq. (10), by substituting (20) into (10), we obtain

krs
[
(n − 2)ksrs−1 + krs f ′] + r

[
(2 − n)k2s2r2s−2 − 2krsksrs−1 f ′] = λ

2

which is equivalent to,

[
k2r2s − 2k2sr2s

]
f ′ + (n − 2)k2sr2s−1 + (2 − n)k2s2r2s−1 = λ

2
.
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If s �= 1
2 , then

f ′(r) = (2 − n)(1 − s)s

(1 − 2s)r
+ λ

2k2(1 − 2s)r2s
.

Consequently,

f (r) = (2 − n)(1 − s)s

(1 − 2s)
ln r + λr1−2s

2k2(1 − 2s)2
+ k1. (21)

Reciprocally, the function f (r) and ϕ(r) given in (20) and (21) satisfy (9) and
(10). Note that

ϕ = krs, ϕ′ = ksrs−1, ϕ′′ = ks(s − 1)rs−2

and

f ′(r) = (2 − n)(1 − s)s

(1 − 2s)r
+ λ

2k2(1 − 2s)r2s
,

f ′′(r) = −
(

(2 − n)(1 − s)s

(1 − 2s)r2
+ λs

k2(1 − 2s)r2s+1

)

.

In this case

(n − 2)ϕ′′ + f ′′ϕ + 2ϕ′ f ′ = (n − 2)ks(s − 1)rs−2 −
(

(2 − n)(1 − s)s

(1 − 2s)r2

+ λs

k2(1 − 2s)r2s+1

)

krs

+ 2ksrs−1
(

(2 − n)(1 − s)s

(1 − 2s)r
+ λ

2k2(1 − 2s)r2s

)

equivalently,

(n − 2)ϕ′′ + f ′′ϕ + 2ϕ′ f ′ = (n − 2)(s − 1)ks

r2−s
− 2(2 − n)(s − 1)s2k

(1 − 2s)r2−s

+ (2 − n)(s − 1)sk

(1 − 2s)r2−s
.

Therefore,

(n − 2)ϕ′′ + f ′′ϕ + 2ϕ′ f ′ = 0.

Meanwhile, substituting ϕ and f into (10), we obtain

ϕ
[
(n − 2)ϕ′ + ϕ f ′] + r

[
(2 − n)

(
ϕ′)2 − 2ϕϕ′ f ′] = (1 − 2s)

λk2r2s

2k2(1 − 2s)r2s

+ (1 − 2s)

[
(2 − n)(1 − s)sk2r2s

(1 − 2s)r

]

+ (1 − s)(n − 2)k2sr2s−1.
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Therefore,

ϕ
[
(n − 2)ϕ′ + ϕ f ′] + r

[
(2 − n)

(
ϕ′)2 − 2ϕϕ′ f ′] = λ

2
+ (2 − n)(1 − s)k2r2s−1

+ (1 − s)(n − 2)k2sr2s−1

equivalently,

ϕ
[
(n − 2)ϕ′ + ϕ f ′] + r

[
(2 − n)

(
ϕ′)2 − 2ϕϕ′ f ′] = λ

2
.

If s = 1
2 , we have λ = (n−2)k2

2 , and (10) is satisfied for all f . Substituting (20)

in (9), we obtain f (r) = (n−2)
8 (ln r)2 + c ln r + c1, where c, c1 ∈ R.

This concludes the proof of Theorem 1.2. 
�
Proof of Corollary 1.3. We split the proof into three cases s > 1

2 , s = 1
2 and

s < 1
2 .

Case 1 If s > 1
2 , consider a divergent curve α(t) = (t, 0, . . . , 0). Note that α′(t) =

(1, 0, . . . , 0), ϕ (α(t)) = t2s and ḡ
(
α′(t), α′(t)

) = 1
t4s

. Consequently,

l (α) = lim
t−→∞

∫ t

2
|α′(t)|dt = lim

t−→∞

∫ t

2

1

t2s
dt.

Therefore,

l (α) = lim
t−→∞

(
t1−2s

1 − 2s

)

+ k = k,

where k is a constant (finite). Therefore (Rn \ {0}, ḡ) is not complete.
Case 2 If s < 1

2 , we obtain

l (α) = lim
t−→0

∫ 2

t
|α′(t)|dt = lim

t−→0

∫ t

2

1

t2s
dt.

Therefore,

l (α) = lim
t−→0

(
t1−2s

1 − 2s

)

+ k = k,

where k is a finite constant. Therefore (Rn \ {0}, ḡ) is not complete.
Case 3 If s = 1

2 the authors in [11] showed that
(
R
3 \ {0}, ḡ = 1

r g0
)
is isometric

to R × S
2, under the identification � : R

3 \ {0} → R × S
2 given by

�(x) = (log ||x ||, x/||x ||). Similarly we obtain that
(
R
n \ {0}, ḡ = 1

r g0
)

is isometric to R × S
n−1, which is complete.

By expression (10), we obtain
[
ϕ2 − 2rϕϕ′] f ′ + (n − 2)ϕϕ′ + (2 − n)r

(
ϕ′)2 = λ

2
.

Note that ϕ(r) = kr
1
2 , therefore

λ = (n − 2) k2

2
> 0.
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Since n ≥ 3, the proof is complete. 
�
Proof of Theorem 1.3. From expression (9) in Corollary 1.2, we have

f ′′

f ′ = −2ϕ′

ϕ
.

Consequently,

f ′ = k

ϕ2 (22)

where k ∈ R
∗+ is a constant of the integration.

Meanwhile, from expression (10) in Corollary 1.2, we obtain

2ϕ2 f ′ − 4rϕϕ′ f ′ = λ. (23)

Combining (22) and (23), we obtain
⎧
⎨

⎩

ϕ(r) = k1r

(
2k−λ
4k

)

,

f (r) = 2k2

k21λ
r

λ
2k + c

where k, k1 ∈ R
∗+ and c ∈ R.

Therefore the proof is complete for the case λ �= 0. For the case λ = 0 the
proof is analogous. 
�

Acknowledgements The authors would like to thank the referee for his careful reading,
relevant remarks, and valuable suggestion.

References

[1] Hamilton, R.S.: Three-manifolds with positive Ricci curvature. J. Differ. Geom. 17(2),
255–306 (1982)

[2] Bryant, R.: Local existence of gradient Ricci solitons, unpublished
[3] Cao, H.D., Chen, Q.: On locally conformally flat steady gradient solitons. Trans. Am.

Math. Soc. 364(5), 2377–2391 (2012)
[4] Cao, H.-D., Catino, G., Chen, Q., Mantegazza, C., Mazzieri, L.: Bach-flat gradient

steady Ricci solitons. Calc. Var. Partial Differ. Equ. 49(1–2), 125–138 (2014)
[5] Fernández-López, M., García-Río, E.: Rigidity of shrinking Ricci solitons. Math. Z.

269(1–2), 461–466 (2011)
[6] Barbosa, E., Pina, R., Tenenblat, K.: On gradient Ricci solitons conformal to a pseudo-

Euclidean space. Israel J. Math. 200, 213–224 (2014)
[7] Catino, G.,Mazzieri, L.: Gradient Einstein solitons. NonlinearAnal. 132, 66–94 (2016)
[8] Catino, G., Cremaschi, L., Djadli, Z., Mantegazza, C., Mazzieri, L.: The Ricci–

Bourguignon flow. Pac. J. Math. 287(2), 337–370 (2017)
[9] Catino, G.,Mantegazza, C.,Mazzieri, L.: On the global structure of conformal gradient

solitons with nonnegative Ricci tensor. Commun. Contemp. Math. 14(6), 1250045
(2012)

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



406 R. Pina, I. Menezes

[10] Daskalopoulos, P., Sesum, N.: The classification of locally conformally flat Yamabe
solitons. Adv. Math. 240, 346–369 (2013)

[11] Corro, A.V., Souza, M.A., Pina, R.: Classes of Weingarten Surfaces in S2×R (2016).
arXiv:1606.08479 [math.DG]

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



1.

2.

3.

4.

5.

6.

Terms and Conditions
 
Springer Nature journal content, brought to you courtesy of Springer Nature Customer Service Center
GmbH (“Springer Nature”). 
Springer Nature supports a reasonable amount of sharing of  research papers by authors, subscribers
and authorised users (“Users”), for small-scale personal, non-commercial use provided that all
copyright, trade and service marks and other proprietary notices are maintained. By accessing,
sharing, receiving or otherwise using the Springer Nature journal content you agree to these terms of
use (“Terms”). For these purposes, Springer Nature considers academic use (by researchers and
students) to be non-commercial. 
These Terms are supplementary and will apply in addition to any applicable website terms and
conditions, a relevant site licence or a personal subscription. These Terms will prevail over any
conflict or ambiguity with regards to the relevant terms, a site licence or a personal subscription (to
the extent of the conflict or ambiguity only). For Creative Commons-licensed articles, the terms of
the Creative Commons license used will apply. 
We collect and use personal data to provide access to the Springer Nature journal content. We may
also use these personal data internally within ResearchGate and Springer Nature and as agreed share
it, in an anonymised way, for purposes of tracking, analysis and reporting. We will not otherwise
disclose your personal data outside the ResearchGate or the Springer Nature group of companies
unless we have your permission as detailed in the Privacy Policy. 
While Users may use the Springer Nature journal content for small scale, personal non-commercial
use, it is important to note that Users may not: 
 

use such content for the purpose of providing other users with access on a regular or large scale

basis or as a means to circumvent access control;

use such content where to do so would be considered a criminal or statutory offence in any

jurisdiction, or gives rise to civil liability, or is otherwise unlawful;

falsely or misleadingly imply or suggest endorsement, approval , sponsorship, or association

unless explicitly agreed to by Springer Nature in writing;

use bots or other automated methods to access the content or redirect messages

override any security feature or exclusionary protocol; or

share the content in order to create substitute for Springer Nature products or services or a

systematic database of Springer Nature journal content.
 
In line with the restriction against commercial use, Springer Nature does not permit the creation of a
product or service that creates revenue, royalties, rent or income from our content or its inclusion as
part of a paid for service or for other commercial gain. Springer Nature journal content cannot be
used for inter-library loans and librarians may not upload Springer Nature journal content on a large
scale into their, or any other, institutional repository. 
These terms of use are reviewed regularly and may be amended at any time. Springer Nature is not
obligated to publish any information or content on this website and may remove it or features or
functionality at our sole discretion, at any time with or without notice. Springer Nature may revoke
this licence to you at any time and remove access to any copies of the Springer Nature journal content
which have been saved. 
To the fullest extent permitted by law, Springer Nature makes no warranties, representations or
guarantees to Users, either express or implied with respect to the Springer nature journal content and
all parties disclaim and waive any implied warranties or warranties imposed by law, including
merchantability or fitness for any particular purpose. 
Please note that these rights do not automatically extend to content, data or other material published
by Springer Nature that may be licensed from third parties. 
If you would like to use or distribute our Springer Nature journal content to a wider audience or on a
regular basis or in any other manner not expressly permitted by these Terms, please contact Springer
Nature at 
 

onlineservice@springernature.com
 

mailto:onlineservice@springernature.com

