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Abstract. In this paper we consider p-Einstein solitons that are conformal to a pseudo-
Euclidean space and invariant under the action of the pseudo-orthogonal group. We provide
all the solutions for the gradient Schouten soliton case. Moreover, we proved that if a gra-
dient Schouten soliton is both complete, conformal to a Euclidean metric, and rotationally
symmetric, then it is isometric to R x §"~1,

1. Introduction and main statements

In 1982 Hamilton [1] introduced the Ricci flow equation

%g(t) = —2Ric(g(1)

where Ric(g(t)) is the Ricci curvature of the metric g(¢). A important aspect in the
treatment of the Ricci flow is the study of Ricci solitons, which generate self-similar
solutions to the flow and often arise as singularity models.

Given a semi-Riemannian manifold (M", g), n > 3, we say that (M, g) is a
gradient Ricci soliton if there exists a differentiable function f : M — R (called
the potential function) such that

Ric, + Hessg (f) = Ag, reR,

where Ric, is the Ricci tensor, Hess, (f) is the Hessian of f with respect to the
metric g, and A is a real number.

We say that a gradient Ricci soliton is shrinking, steady, or expanding if . > 0,
A = 0,0r A < 0, respectively. Bryant [2] proved that there exists a complete, steady,
gradient Ricci soliton that is spherically symmetric for any n > 3, which is known
as Bryant’s soliton. In the bi-dimensional case an analogous nontrivial rotationally
symmetric solution was obtained explicitly, and is known as the Hamilton cigar.
Recently Cao and Chen [3] showed that any complete, steady, gradient Ricci soliton,
locally conformally flat, up to homothety, is either flat or isometric to the Bryant’s
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soliton. The results obtained in [3] were extended to bach - flat gradient steady Ricci
solitons (see [4]). Complete, conformally flat shrinking gradient solitons have been
characterized as being quotients of R”, $" or R x S"~! (see [5]).

In the case of steady gradient Ricci solitons, [6] provide all such solutions when
the metric is conformal to an n-dimensional pseudo-Euclidean space and invariant
under the action of an (n — 1)-dimensional translation group.

Motivated by the notion of Ricci solitons on a semi-Riemannian manifold
(M", g), n > 3, itis natural to consider geometric flows of the following type:

0
Eg(t) = —2(Ric — pRg) (D

for p € R, p # 0, as in [7]. We call these the Ricci-Bourguignon flows. We notice
that short time existence for the geometric flows described in (1) is provided in
([8]). Associated to the flows, we have the following notion of gradient p-Einstein
solitons, which generate self-similar solutions:

Definition 1.1. Let (M", g) , n > 3, be a Riemannian manifold and let p € R, p #
0. We say that (M", g) is a gradient p-Einstein soliton if there exists a smooth
function f : M —> R, such that the metric g satisfies the equations

Ricg + Hessg f = pRg + Ag 2)
for some constant A € R, where R is the scalar curvature of the metric g.

A p-Einstein soliton is said to be shrinking, steady, or expanding if A > 0,
A = 0, or A < 0, respectively. Furthermore, a p-Einstein solitons is said to be a
gradient Einstein soliton, gradient traceless Ricci soliton, and gradient Schouten
soliton if p = %, p = %, and p = 2(+—1)’ respectively.

In [7] the authors studied the p-Einstein solitons and obtained important rigidity
results, proving that every compact gradient Einstein, Schouten, or traceless Ricci
soliton is trivial.

In this paper we study Eq. (2) in semi-Riemannian manifolds. We consider gra-
dient p-Einstein solitons conformal to a pseudo-Euclidean space, which are invari-
ant under the action of the pseudo-orthogonal group. More precisely, let (R”, g) be
the standard pseudo-Euclidean space with metric g and coordinates (xy, ..., x,),
with g;; = §;j¢;, 1 < i, j < n, where §;; is the Kronecker delta, and ¢; = =1,
with at least one &; equal to one. Let r = >} eixl.z be a basic invariant for an
(n — 1)-dimensional pseudo-orthogonal group. The main objective of this paper is
to found the necessary and sufficient conditions for the existence of differentiable
functions ¢(r) and f(r) such that the metric g = % satisfies the equation

Ricg + Hesszf = pRg + Ag 3)
with p = 1/2(n — 1).

We initially find a system of differential equations, that functions f and ¢ must
satisfy, so that the metric § = g/¢? satisfies (3) (see Theorem 1.1).
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Note that if the solutions are invariant under the action of the pseudo-orthogonal
group, the system of partial differential equations given in Theorem 1.1 can be
transformed into a system of ordinary differential equations (see Theorem 1.1).

Considering p = ﬁ, in Lemma 1.1 we found conditions necessary for the
functions to be solutions of the system of ODE in Corollary 1.1 . Finally, we obtain
the necessary and sufficient conditions on f(r) and ¢(r) for the existence of one
gradient Schouten soliton. In this case, all solutions are given explicitly. Moreover,
in the Riemannian case, we prove that if (M", g),n > 3 is complete, conformal to
a Euclidean metric, rotationally symmetric, and satisfying

R
Ricg + HeSng = mg’ + g 4)

for same A € R, then (M", g) is shrinking and isometric to R x $"~!. In [7], the
authors showed that any complete metric must be Ricci flat if it satisfies (4) for
A=0.

Remark 1.1. Note that if A = 0 and p = 0, Eq. (3) represents a steady gradient
Ricci soliton that admits solutions.

In what follows, we state our main results. We denote the second order derivative
of ¢ and f by ¢y, Xj and f X respectively, with respect to x;x;.
Theorem 1.1. Let (R", g),n > 3, be a pseudo-Euclidean space with coordinates
x = (X1, ..., X,) andmetric components g;; = &;j&;, 1 < i, j < n,whereg; = %1,
with at least one &; equal to one. Consider a smooth function f : R" — R. There
exists a metric g = #g such that (R", g) is a gradient p-Einstein soliton with f
as a potential function if, and only if, the functions ¢, and f satisfy

(n— 2)(p,xl‘xj- + (pf,xixj' + @ f,x]- T @.x; fxu=0, i#], 5
(2 [(n - 2) W,x,-x,- + (Pf,x,-x,- + 2(p,xi f,x,-]

n
+e Y e [(n ) (pnw?xk — 2099 qx — soik)
k=1
— QP x; f,xk + QD(P,xkxk] = )\Sis i = .] (6)
Our objective is to determine solutions of the system (5), (6) of the form ¢ (r) and
f(r), where r = > ", sl-xiz. The following theorem reduces the system of partial
differential equations (5) and (6) into an equivalent system of ordinary differential
equations.

Corollary 1.1. Let (R", g),n > 3, be a pseudo-Euclidean space with coordinates
x = (X1, ..., x,) andmetric components g;j = &;j&;, 1 < i, j < n,whereg; = %1,
with at least one ¢; equal to 1. Consider smooth functions ¢(r) and f(r) with
r=>5_ ekx,%. Then there exists a metric g = #g such that (R", g) is a gradient
p-Einstein soliton with f as a potential function if, and only if, the functions ¢ and

f satisfy
(n=2)¢" +of" +2¢'f' =0, ©)
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and
20[(n =2)¢" + of '] +2n[1 = 2(n — Dplpg’ ®)
+4r{n =1 [(on = 1) ¢)? 2009
— ¢/ f' + g} =i
When p = ﬁ, we obtain the following result:

Corollary 1.2. Let (R", g),n > 3, be a pseudo-Euclidean space with coordinates
X = (X1, ..., X,) and metric components g;j = 6;j&;, 1 <i, j <n, wheree = %1,
with at least one ¢; equal to one. Consider smooth functions ¢(r) and f(r) with
r=>0_ ekx,%. Then there exists a metric g = #g such that (R", g) is a gradient
Schouten soliton with  as a potential function if, and only if, the functions ¢ and

f satisfy
(n—2)¢" +of" +2¢'f =0, ©)

and
A
oln=2¢ +of1+r[C-m @’ =200 f | =5 (0

The following lemma gives the necessary conditions to have solutions for the
system (9) and (10).

Lemma 1.1. Consider smooth functions ¢(r) and f(r) such that r = Z?:l 8,-xi2.
If o(r) and f(r) satisfy (9) and (10), then ¢(r) satisfies the following ordinary
differential equation:

reg” =r(¢))’ —p¢'.

As a consequence of Lemma 1.1, we found all the conformal metrics, invariant
by the action of the pseudo-orthogonal group, that are gradient Schouten solitons.

Theorem 1.2. Let (R", g),n > 3, be a pseudo-Euclidean space with coordinates
X = (X1, ..., X,) and metric component g;; = &;j&;, 1 <i, j <n, where ¢ = %1,
with at least one ¢; equal to one. Consider smooth functions ¢(r) and f(r) such
thatr = Y j_, £kx,%. Then there exists a metric g = ﬁg such that (R", g) is a
gradient Schouten soliton with f as a potential function if, and only if, the functions
¢ and f are given by

o(r) = kr,

2 1— 1-2s

fr) =0 nr + 2k§€1—_2s)2 +hi, for s # g,

fr)y= —(”gz) (Inr)? +clnr4cy, for s= %,
where s € R% and c,c; € R.
Corollary 1.3. Let (M", g), n > 3, a complete gradient Schouten soliton, confor-

mal to a Euclidean metric and rotationally symmetric, where g;; = 8;;/ @>. Then
(M", g) is shrinking and isometric to R x "1,
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In the case n = 2, Eq. (4) reduces to the gradient Yamabe solitons equation,
i.e.,

Hessy f = <—% 4 A) : (1)

and in this case the metric g is a gradient Yamabe soliton (see [9] and [10]). In
Theorem 1.3 we find all solutions of (11) that are conformal to the pseudo-Euclidean
metric and invariant under the action of the pseudo-orthogonal group.

Theorem 1.3. Let (Rz, g), be a pseudo-Euclidean space with coordinates x =
(x1,x2) and g;; = d;je;. Consider smooth functions ¢(r) and f(r) with r =
81)612 + 62x22. There exists a metric g = #g such that (Rz, g) is a gradient Yamabe
soliton with f as a potential function if, and only if, the functions ¢ and f satisfy

o) = ko C5),

f(r)=%r(?7)+c, for % #0
f(r)y=kInr +k3 for A =0,

where k, ki, ky € RY and k3, c € R.
In the Riemannian case and with A = 0, the metrics obtained in Theorem 1.3
are complete and isometric to R x S!.

The last result appears in [9].

2. Proofs of the main results

Proof of Theorem 1.1. 1t is well known (see, e.g., [6]) that if g = 5—2, then

Rics = —51(n = DpHessy (@) + gy — 1= DIVePle)
and
R=@m—-1 (2¢Ag¢ — n|Vg(p|2> .
Hence, the equation
Ricg + Hessz(f) = pﬁg + Ag,
is equivalent to

1
F{(n — 2)pHessg(@)ij + [9Agp — (n — D|V,el*18ij6i} + Hessz(f)ij

1
=[ptn = D2page — 1V + 2] Jabiiei (12)
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Recall that,
n
Hessg(f)ij = fxixj — Z Flkjf’x"
k=1

where f‘fj are the Christoffel symbols of the metric g. For a distinct i, j, k, we have

= = ?,x; = D,x =i P, x;
Fk:O’ Flz— j’ szggk 2 k’ F’:—’—”
ij ij @ ii i @ ii ®
therefore,
$oxjfoi | Pufxy
HeSSg(f)ij = stin + XjJ X + XiJ,Xj L # j. (13)
@ %
Similarly, by considering i = j, we have
20,5 foxi . Pt
Hessg(f)ii = foxini + T — & Zek%. (14)
k=1

However, we note that

n 2 n

dy

Vepl? = ex (a—xk) L A=) Ekpn. Hessg(9)ij =@, (15)
k=1 k=1

Ifi # j in (12), we obtain

(n—2) Hessg(¢)ij
@

-i-HeSSg(f),'j =0. (16)

Substituting the expressions found in (13), and (15) into (16), we obtain

(f’l - 2)¢,xix}' + (pf,x,'Xj + (P,x,- f,Xj + gp,xj‘ f,xi = 03 l 75 .]
Similarly, if i = j in (12), we have

(n — 2)pHessg(@)ii + pAgpsi — (n — DIVgol*ei + ¢ Hessg ()i
=201 — DpAgpe; —n(n — 1)p|Vepl ei + he;. (17)

Substituting the expressions found in (14), and (15) into (17), we obtain

(2 [(l’l - 2) (0,x,«x,« + (pf,x,‘x,‘ + 2(p,x,‘f,xl‘]

n
teryen [(n=1) (el — 200005 — o)
k=1

—9@x o + €0<P,xkxk] = \g;.

This concludes the proof of Theorem 1.1. O
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Proof of Corollary 1.1. Let g = ¢~2g be aconformal metric of g. We are assuming
that ¢ (r) and f(r) are functions of , where r = Zzzl skx,%. Hence, we have

/ 2 n / "
P =26iXiQ, Qi =A@ 2610, Qxx; = 46iEXiXj@

and
Foo =28ixi f'y foome = 4P f" 426 f, fon, = deiejxix; f”
JXi A JXiXi i iJ » JXiXj 1CjAIA] .
Substituting these expressions into (5), we obtain

45i8j (n — Z)xiqu)” + 4€iijin(pf” + (28,-x,-<p’).(2€jxj f/)
+ 2ejx;¢").Q2eixi f1) = 0,

which is equivalent to
4eiej [(n—2)¢" + of " +2¢' f'] xixj = 0.
Since there exist i # j, such that x;x; # 0, we have
(n=2)¢" + fo+2¢'f' = 0.
Similarly, considering the Eq. (6), we obtain

4p[(n —2¢" + of " +2¢' f']x7 + 20 [(n =2 ¢ + of ] &
+2¢&in[1 —2(n — 1)pleg’

n
+dei ) e {(n -1 [(pn —D(H - 2p<p<p”] — o9’ f + 09" | =g
k=1

Note that (n —2)¢” +¢f" +2¢' f' = 0and r = >}_, exx;. Therefore, we obtain
20 [(n—2)¢" + of ]+ 2n[1 —2(n — 1)plp¢’
+ar {1 [(on =1 @ =200¢"| 00 f + 09" | = 2.
This concludes the proof of Corollary 1.1. O

Proof of Corollary 1.2. Simply substitute p = 2(+—1) into Eq. (8), and the result
follows. =

Proof of Lemma 1.1. Differentiating both sides of the Eq. (10), we obtain

o' [(1=2¢ + o |+ o[ =20" + ' f +of "]+ [@ =) (¢) 204 f ]
rl2e-me'e" —2[(¢) £ + 0" f +00' f']} =0.

This is equivalent to
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n—=2)(¢) + 00 [+ (n—2) 00" + 00 f + > f" + 2 —n) (¢)° =200 f’

+2Q—n)reg’ —2r (¢)’ f = 2rp¢" f' —2rpg’ f" = 0. (18)
By the first equation in Theorem 1.1, we obtain
of == —=2)¢" +2¢'f']. (19)

Substituting (19) into (18), we obtain
(n—2)p¢" — ¢ [(n—2)¢" +2¢' ']+ 22 —myrg'e” —2r (¢)’ '
—2rg¢" f' 4+ 2r¢' [(n = 2)¢" +2¢' f'] = 0,
which is equivalent to
209" ' —2r (¢/)° f' +2re¢" f' = 0.
How f’ # 0, we have that
reg” =r@) — oy
This concludes the proof of Lemma 1.1. O

Proof of Theorem 1.2. We know by Lemma 1.1, that the conformal factor neces-
sarily satisfies the equation

/

rog” =r(p)? — ¢

Dividing the above equation by r¢?, we can verify that

(,0/ / 1(P/
<¢> g

Making y = % we obtain

where s € R . Therefore
@ =kr®, (20)

where k € R
Since ¢ and f satisfy Eq. (10), by substituting (20) into (10), we obtain

A
kr® [(n — Dksrt ™+ krsf/] +r [(2 — n)k*s2 > = 2krsksr‘“1f’] =3

which is equivalent to,

3 A
[k2r2s — 2k2sr2s] 4 =2ksr> 4+ 2= nks?r2 T = 2
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If s # 1, then
fon 2—-—n)(1—1s)s A
FO="0"0r twa_mme
Consequently,
_ _ 1-2s
fr)y= @-md-ss r+ Gl ki. 1)

1-29 T ma_zez
Reciprocally, the function f(r) and ¢(r) given in (20) and (21) satisfy (9) and
(10). Note that
o =kr', ¢ =ksr' ', @ =ks(s— 1)r'?

and
fon 2-—n)(1—-y3s)s A
FO="0"%r twa_w>

noN 2 —=n)(1 —s)s AS
7= ( I—292 @ R(1- 25)72”1) '

In this case

_ ” 7" /el - _ s—2 2—=n)(1 —s)s
n—=2)¢"+ ffo+2¢ f =m—2ks(s — Dr (—(1 202
U R, P
K2(1 —2s)r2s+1) '
s—1 2—-n)1 —s)s A
+2ksr ( (1= 25)r 22(1 — 2s)r2s)

equivalently,

1 " ) _(n —2)(s — Dks 22 —n)(s — 1)S2k
n=2¢" +fo+20f = o BT yow
2 —n)(s — sk

(1 —2s)r2=s

+

Therefore,
(n—2¢"+ f'o+2¢'f =0.
Meanwhile, substituting ¢ and f into (10), we obtain

)Lk2r2s

, , N2 /et _ —
olon=20 +of4r[@=m (@) - 200 | = 0 - 29055050

Q2 —=n)(1 — s)sk*r®
(1 =25)r

+ (1 —25) [ ] + (1 —s5)(n—2)k>sr>~ L.
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Therefore,

A
(4 [(I’l — 2)§0/ + (Pf/] +r [(2 —n) (QD/)Z . 2§0§0/f/:| _ E +2-nd - S)erZSfl
+ (1 =5)n—2)k7sr>!

equivalently,

A
o[n—2¢' +of |+r[@=m (¢) =200 f'] = 5.

Ifs = 1, we have = % and (10) is satisfied for all f. Substituting (20)
in (9), we obtain f(r) = @ (In r)2 +clnr 4+ ¢y, where ¢, c; € R.
This concludes the proof of Theorem 1.2. O

Proof of Corollary 1.3. We split the proof into three cases s > % s = % and

1
S<z.

Case 1 Ifs > %, consider a divergent curve «(¢) = (¢, 0, ..., 0). Note that o’ (t) =
(1,0,...,0), ¢ (a(r)) = 1> and g (o/(t), o/(t)) = f%. Consequently,

t t
1
o , .
[ (a) = , hmoo/; lo' (1) |dt = , llmOO/2 Py dt.

Therefore,
tl—ZS
[ () = lim ( )+k=k,

t—oo \ 1 —2s

where k is a constant (finite). Therefore (R” \ {0}, g) is not complete.
Case?2 Ifs < %, we obtain

2 t
1
L , o
(o) = thmO/[ lo' (1) |dt = thmo'/z s drt.

tleS
l(a):lim< )+k:k,

Therefore,

t—0\1—2s
where k is a finite constant. Therefore (R” \ {0}, g) is not complete.
Case 3 If s = 4 the authors in [11] showed that (R \ {0}, § = Lgo) is isometric
to R x S?, under the identification ¥ : R? \ {0} — R x S? given by
W(x) = (log||x||, x/||x||). Similarly we obtain that (R” \ {0}, g = }go)
is isometric to R x $"~!, which is complete.
By expression (10), we obtain

A
[902 - ZrW’] '+ (=2 + Q2 —nyr(¢) = X

Note that ¢ (r) = kr 3 , therefore

_ (n—2)k?
=

A > 0.
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Since n > 3, the proof is complete. m]

Proof of Theorem 1.3. From expression (9) in Corollary 1.2, we have

r_ 2
I’ ¢
Consequently,
,  k
== (22)
¥

where k € R is a constant of the integration.
Meanwhile, from expression (10) in Corollary 1.2, we obtain

207 — 4reg’ f = . (23)

Combining (22) and (23), we obtain

2k—1
@(r) =k1r( * )
2%2 2
r) = 5-r2 +c¢
fo =3

where k, k| € R*+ and ¢ € R.
Therefore the proof is complete for the case & # 0. For the case . = 0 the
proof is analogous. o
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