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Abstract

In this paper we study the static Einstein—-Maxwell space when it is conformal to
an n-dimensional pseudo-Euclidean space, which is invariant under the action of an
(n — 1)-dimensional translation group. We also provide a complete classification of
such space.
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1 Introduction and main results

We can classify black holes by three aspects: mass, electric charge and angular momen-
tum (at least in the static case). From a physical point of view, the most interesting and
well-known solutions for Einstein’s Equations, which represent a physical model for a
black hole, are: Schwarzschild, Reissner-Nordstrom and Kerr-Newman space-times.
The first one was also the first nontrivial exact solution for the Einstein’s equation and
models a black hole with mass that do not rotate and has no electric charge. The Kerr-
Newman solution is a model for a black hole with mass, electric charge and angular
momentum. Since it is expected that a black hole rotates, given the nature and final
state of a collapsing star, this is a more natural solution to consider given its properties.
Nevertheless, the Reissner-Nordstrom solution represents a class of black holes which
carries mass and electric charge, and thus can be very useful in the understanding of
the theory of general relativity.

The latter solution corresponds to a model for a static black hole with electric
charged ¢ and mass m, which is spherically symmetric and conformally flat. The
spatial factor for this space-time is defined by the Riemannian manifold M" = §"~! x
(rt, 4+00) with metric tensor

dr?

_ 2
1 —mr2n 4 g2p2@-n t gt

8

where m > 2¢g > 0 are constants (subextremal), and r is defined as the larger of the
two solutions of the equation 1 — mr?>~" 4 ¢%r>?=" = (. The Reissner-Nordstrom
manifold is one of the most relevant solutions for the electrostatic system (or Einstein—
Maxwell equations), which we will define below (cf. [3,4,6,16] and the references
therein). The static Einstein-Maxwell space-time allows the existence of two distinct
black holes in equilibrium, due to the electric charge. This is an important distinction
from static vacuum Einstein space-times. The electrostatic system generalizes the
static vacuum Einstein equations. We are considering there are no magnetic fields in
the system.

Definition 1.1 Let (M", g),n > 3, be asemi-Riemannian manifold andlet N : M" —
R.q, ¥ : M" — R be smooth functions such that

\v4 2
AN=62| id i (1.1)
N
\%
div <—w> =0, (1.2)
N
and
. Vi @ Vir 2 2
NRic=V?’N -2 v , 1.3
ic N +(n—l)N| vi“g (1.3)
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where C2 = ZEZ:?; Then (M", g, N, ) is called an electrostatic system (or static
Einstein—-Maxwell equations). Here V, A and V2 stand for the covariant derivative,
the Laplacian and the Hessian operator with respect to g. Moreover, Ric and div are
the Ricci tensor and the divergence for g. The smooth functions N, ¢ and M" are
called lapse function, electric potential and spatial factor (in the Riemannian case) for

the static Einstein—-Maxwell space-time, respectively.

It is important to notice that if i is constant everywhere, then we get the static
vacuum Einstein equations, for which the standard Schwarzschild space is the most
important solution (see [15] for instance). Contracting equation (1.3) and combining
it with (1.1), we get

N2R =2|Vy |, (1.4)

where R denotes the scalar curvature of (M", g) (for more details see [3,4,6]).

The most complete result there exists in the literature so far concerning the classi-
fication of electrostatic spaces are due Chrusciel and Tod [5], in the three dimensional
case and under some asymptotic conditions.

Our goal is to provide a full classification for the solutions of static Einstein—
Maxwell equations when M" is conformal to a pseudo-Euclidean space and invariant
under the action of an (n — 1)-dimensional translation group. To do that, let (€2, g)
be the standard pseudo-Euclidean space with metric g and Cartesian coordinates
(x1, ..., xy) in which g;; = §;j¢;, 1 < i, j < n. Here, §;; is the Kronecker delta and
g ==*l.Leté = Z?:l a;x;, «; € R be abasic invariant for an (n — 1)-dimensional
translation group. We obtain necessary and sufficient conditions for smooth functions
@, N and ¢ defined in 2 < R”, an open subset, to be invariant by the action of
an (n — 1)-dimensional translation group so that (2, g, N, ¥) be a solution for the
electrostatic system with metric g = %. Moreover, we show that these necessary and

sufficient conditions depend on the direction of @ = Z’,l_l a;dy; (i.e., being lightlike
or not). .

This method was successfully used before to provide a complete classification
for Solitons, Static metrics and quasi-Einstein manifolds. In [1], Barbosa, Pina and
Tenenblat showed a complete classification for the gradient Ricci solitons. Moreover,
they proved there are infinitely many gradient Ricci solitons conformal to the standard
pseudo-Euclidean metric. For the gradient Yamabe solitons, a similar result was proved
by Leandro and Tenenblat [10], where a geodesically complete example of Yamabe
soliton was provided. Leandro and dos Santos [11] proved the most general invariant
that reduces the gradient Ricci solitons PDE into a system of ODE. Furthermore, they
built new examples in the two dimensional case. The idea of finding the most general
invariant to reduce the Ricci solitons was also used by dos Santos and Leandro in
[15], where the authors were able to recover the traditional Tangherlini-Schwarzschild
solution. Recently, Pina and dos Santos [13] proved all group-invariants for the Einstein
equation and the Ricci equation. Ribeiro Jr and Tenenblat [14] provided a complete
classification for quasi-Einstein metrics conformal to a Euclidean space and invariant
by translations.
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Itis important to highlight that we are considering the static Einstein—-Maxwell space
conformal to an n-dimensional pseudo-Euclidean space, which is invariant under the
action of an (n — 1)-dimensional translation group. Therefore, our solutions, when we
consider the Riemannian case for the spatial factor, can not be geodesically complete,
since the conformal function is not defined for all values of its parameter. Furthermore,
the solutions presented in this work must be different from the Reissner-Nordstrom
manifold since it is a conformally flat and rotationally symmetric solution for the
electrostatic system (cf. [4]). Still, from a geometric point of view it is important to
obtain as much examples as possible, for a better understanding of the geometry and
topology of solutions for the electrostatic system.

The classification of electrostatic solutions for the Einstein’s equation was already
provided in the literature for the Riemannian case, considering some suitable ini-
tial boundary conditions (cf.[3,4,6] and the references therein). We can follow, for
instance, the steps of the proof given by [2] to conclude that an asymptotically flat
static Einstein—-Maxwell space must be the Reissner-Nordstrom manifold (cf. [6] for
a full description of this method). It is important to say that the Reissner-Nordstrom
manifold is spherically symmetric, and so our solutions must be completely different
from it. Moreover, we are considering the manifold with a semi-Riemannian geometry.
Thus, our solutions will be more general, in the sense that even the topology of our
solutions can be different.

In what follows, we will use the following convention for the derivatives of a
function F = F(§), where £ : Q CR" — R:

dF __ v oF ..
a = F and go5e =Fij.

Theorem 1.2 Let (R", g), n > 3, be a pseudo-Euclidean space with Cartesian coor-
dinates x = (X1, ..., x,) and metric components g;j = 8;j&;, 1 <1i, j < n, where §;;
is the Kronecker delta and ¢; = *1. Then there exists a metric g = g/(,o2 such that
(2, g, N, ¥), Q C R", is a solution for the electrostatic system (Definition 1.1) if,
and only if, smooth functions ¢, ¥ and N satisfy

(2 . .
(n—2)Ngij —¢oNii—¢iN;—¢ iN;+ ZNW,HP,J' =0, for i # j;
(1.5)

and for each i

2
o[ =2Npis = oNii = 20N +2% (v:)]

n
2
bor Yo s + 90N = 0= DN ()’ = o (0| =0
k=1
(1.6)
n
> aNoy s — (0 =N — YN} = 0; (1.7)
k=1
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> erloNN i — (1 — NNk — C (v)°} = 0. (1.8)
k=1

We aim to find solutions for the PDE’s (1.5), (1.6), (1.7) and (1.8) of the form
@(&), ¥ (&) and N (&), where § = Y ! a;xi, &; € R, is an invariant for an (n —
1)-dimensional translation group with Z?:l 8[0{1.2 = &,, where ¢;, € {—1, 1, 0}
(timelike, spacelike or lightlike).

The next result reduces the system of partial differential equations from the previous
theorem to an equivalent system of ordinary differential equations.

Theorem 1.3 Let (R", g), n > 3, be a pseudo-Euclidean space with Cartesian coor-

dinates x = (x1, ..., X,) and metric components g;; = d;j&;, 1 < i, j < n, where
g; = £1. Consider smoothfunctions (&), ¥ (&) and N (&), where § = > 7| aix;,
o € Rand Y ! | eja; = ¢i,. Then there exists a metric § = g/@? such that

(2, g, N, ¥), Q C R” is a solution for the electrostatic system (Definition 1.1)
if, and only if, functions ¢, ¥ and N satisfy

(n—2)go”N—<pN” 2¢ 'N' +2<p ! 2—O; (1.9)

iy {‘P@NN ~ = DN (¢)* + pg'N' — 1)N } =0; (110
eig {oNY" — (n = 2)¢/' Nvf eN'y'} =0, (L1D

Eio [(pNN” (n—2)¢'NN' — } 0. (112

Moreover, if ", gjo? = 0, then

n—2)¢"N —oN" —2¢'N' + =2 (v')* = 0.
( ® 4] @

The following theorem will show that there are infinitely many solutions for elec-
trostatic systems, which are invariant under the action of an (n — 1)-dimensional
n
translation group acting on 2 € R”, when o = Za,-axi is a null vector (i.e.,
i=1
Z?:l 8,'Oll~2 = O).

Theorem 1.4 Let ¢(&) and N (§) be any nonvanishing differentiable functions, where
E=)" aixiand Y }_, 8[0[1-2 = 0. Then the function r (§) given by:

N// /N/ N 1
Y(E) = /\/ —(n—2) 22 )d$+c, (1.13)

where ¢ € R, satisfies (1.9). Moreover, (2, g, N, ¥), in which Q@ € R" and g =
T, /9%, is a solution for the electrostatic system. All such spaces given by these
solutions have zero scalar curvature.

@ Springer
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Next, we provide a necessary condition satisfied by the conformal factor ¢ in order
that (2, g, N, v¥), Q € R”, be a solution for the electrostatic system with § = g/¢?.

Theorem 1.5 Let (R", g), n > 3, be a pseudo-Euclidean space with Cartesian coor-
dinates x = (x1, ..., Xp) and metric components g;; = 8jj¢;, 1 < i, j < n, where
g; = x1. Consider smoothfunctions ©(&), v (&) and N (&), where &€ = Z?:l o x;,
o € Rana’zl 18,0[ = &, with &, € {—1,1}. Then, if (2, g, N, ¥), Q CR", is
a solution for the electrostatic system

9?¢" —3(n — Deg'¢” +n(n — (@) =0. (1.14)
Moreover,
/ n—2
2 wnd = — 1k (1.15)
@ n—2

Here, k, ki € R\{0}, k» € Rand g = g/¢>.

In what follows, we classify the static Einstein—-Maxwell space when it is conformal
to a pseudo-Euclidean space and invariant under the action of a translation group.

Theorem 1.6 Let (R", g), n > 3, be a pseudo-Euclidean space with Cartesian coordi-
nates x = (X1, ..., Xy) and g;j = 8;j¢;, 1 < i, j < n, wheree; = £1. Consider smooth
functions ¢(&), ¥ (§) and N (§), where & = Y !, oix;, o; € Rand Y1, ej0? = g,
with ej, = 1. Then (2, g, N, ¥), @ C R", is a solution for the electrostatic system
with § = g/@” if. and only if, functions ¢, ¥ and N satisfy

9(&) = c3[1 — cilea + (n — 2)EPV/ 2, (1.16)
vE) = lc_g;[l—c%[cﬁ(n—z)s]z]1+k2 (1.17)

and
where ¢ = ~ 97 Here k % 0, ky # 0, ka, ¢1 # 0, c2, ¢3 # 0 are con-

2(n— 1)(n 2)k2"
stants. Moreover, these solutions are defined in Q@ = {1 — cj [C2 + (n — 2)5]2
0} N{2kei[ez + (n — 2)E] > 0).

Example 1.7 If we considern = 3,&; = lando; = 1 (for 1 <i < 3)in Theorem 1.6,
then we have that

Y(E) = kies[1 — cflea + (x1 4 x2 4+ x3)121 7!
2kc3[ea + (x1 + x2 + x3)]
I —cilea + (x1 +x2 +x3) 1

and N (§) =

@ Springer
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Consequently, (M"*!, ) = (R", g) xn (R, d?) such that
g, 1) = g(x) — N*(x)dr*; xeM,

is a static Einstein—-Maxwell space-time, where

1
g = 0—2[1 — Alea + (x1 4 x2 + x3) P12 (dx? 4 dx3 + dx?)
3

Wrefleo+ i+ 0+ )P o
{1— 012[02 + (1 + x4+ x3)12)2

It is also interesting to point out that the above static Einstein-Maxwell space-time is
different from the Reissner-Nordstrom space-time.

Remark 1.8 Here, we provide the curvature for Theorem 1.6. In the Appendix the
reader will find the sectional curvature formulas to our settings. For Theorem 1.6, the
sectional curvature is

. 263 | Fer + (0 = 26 n(era? + £503) — 2] + (1 = e} + 502
Y [1—cflea + (n = 2P0 D/0=2) '

Moreover, a straightforward computation (see (1.4) for instance) gives us the scalar
curvature

4(n — 1)(n — 2)e;,c3c3

R= .
[1 — cllea + (n — 2)g22=D/(1=D)
— +1
Thus, we can see that if £ — % the scalar curvature R goes to infinity.
n—2)ci

Moreover, if &€ — +o0o0then R — 0.

It is important to remember that higher dimensional solutions for Einstein’s equa-
tion called physicists’ attention with the development of string theory. Therefore,
solutions for the Einstein’s equation with non conventional signatures can represent a
step forward in the analysis of general relativity.

2 Examples for the Einstein—-Maxwell equations

Example 2.1 This example illustrates Theorem 1.4. Let (&) = % + 1land N(§) =

ké%, where k € R, with§ = >/ ax; and )7, siaiz = 0. Solving (1.13) we
obtain

_ n—4) n2
Y(&) =tk m‘f L e

@ Springer
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where c is constant. It follows from Theorem 1.4 that (R”, g/¢?, N, ) is a solution
for the electrostatic system. The sectional curvature (cf. Appendix) is given by

g2 2 2
Kij = 2+1 (EjOlj-I—é‘,'Oll-).

For n = 4 we get a solution for static vacuum equations, i.e., ¥ = 0. Therefore, in
that case we recover a static vacuum Einstein space (see [15]).

Example 2.2 From the hypothesis of Theorem 1.4, consider p(§) = ket and N &) =
¢"7° with k € R.. Solving (1.13) we obtain

PE) = £—e"TE 1
7 ,

where c is constant. Let us show that M = (R", g) xy R with metric tensor gy =
— N2dr? is geodesically complete, for a specific choice of null vector and signature
of the metric.
It is well known (see [9] and [12]) that if the curve is a y(s) = (o (s), v(s)), it is
geodesicin M = B xy F if, and only if,

i) 0”(s) = gr (V/(5), V() N(0(s)) (Vg N) in B,

. d(N
(i) v'(s) = —N(Gz(s)) (dfa) V/(s)in F.

Note that

(n—2Dk* w2y o P
Vg'N = Te 2 ggiaia—xi

By (i), we get

ON(S) — ( Z)k ( ) 2 né 281051

Xi

From the structure of the warped product we have assumed, we can infer that o (s) =
(x1(8), ..., x5 (s)) and v(s) = x;41(s). Thus,

(n —2)k?

x'(s) = sict; (V) e v 1<i<n

Now, from (ii) we have
n
V() = —(n —2) Zaixl{(s)v/.
i=1
@ Springer
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Making e = —1,&; = 1 fori # land o] = a» = 1, ¢y = 0 with 3 < i < n. Thus
Y 8iai2 =0and & = x; + x,. Consequently,

x{(s) = = 2L (v (s>)
2
xﬂﬂ—m?kﬁﬁﬂe 2.1)

x/(s)=0, for 3<l<n,
V() =—(n—2) (xi (s) + xé(s)) v
From the first and second equations of the above system, we have

x1() +x5(5) = ki = x1(s) +x2(s) = kis + ko, (2.2)

where k1, ko € R. Thus, from the fourth equation of (2.1) and (2.2) we obtain

"
v (s) = —(n—2k; = V'(s) = kze~""2k1s,
v'(s)

where 123 is a non null constant. Therefore,

v(s) = —gage "IN kg, if ki #£0 and ks €R,
v(s) =kss+ ks, if ki =0 and ki3, ks € R, (2.3)
xi(s) = kes + k7, ke, k7 €R, 3<I=<n.

Moreover, from the first equation of (2.1) and (2.2), we get

(n — 2)k>

> (U/(S))Z en(kls-‘rkz)' (24)

x((s) = —
Thus, for k; # 0 we get

. ;124 21)1/;2?6%2 G=mkis 4 kes + ko, for n#4 and kg, ko € R,
xi1(s) =
kzkz e¥252 4 kios + ki1, for n =4 and ko, ki1 € R.

On the other hand, if k; = 0, from the second equation of (2.3) and (2.4), we have

n — 2)k%k
x1(s) = % 22 4 kias + ki3,

where k17 and k13 € R. Furthermore, if k3 = 0, we get x1(s) is linear.
However, since x1(s) + x2(s) = kis + k2, we can see that, in any case, all the
geodesics are defined for the entire real line, which means that the warped product man-

ifold M = (R, g) x v R with metric tensor gy = g — N*d1?, where N(£) = "7 ¢

@ Springer
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and g = k—2e %8 j» 1s geodesically complete. Moreover, the sectional curvature
(cf. Appendix) is given by

Kij = k2€2§ (8]'(1? + 81'051-2) N

3 Proof of the main results

Let us start this section with the following Lemma, which will be fundamental in the
proof of the main result (Theorem 1.6). This result deals with a necessary condition
which must be satisfied by functions ¢, N and ¢ for (2, g, N, ¥), 2 € R" is an

- ,8, i . . ..
open subset, where g = g(ﬂ—zf, be a solution for the electrostatic system (Definition 1.1).

Lemma 3.1 Let (R", g), n > 3 be a pseudo-Euclidean space with Cartesian coordi-
nates (X1, ..., X,) and metric components g;j = 8;j&;, 1 <i, j < n, where g = £1.
Consider smooth functions ¢(&), V(&) and N (&). If there exists a metric § = g/¢>
such that (2, g, N, ¥), Q C R", is a solution for the electrostatic system, then the
functions must satisfy

2(n — HNg" — n(n — 1)5«0’)2 —22 w2 =o. 3.1)
1) N

Proof From Equation (1.4) we have N>Rz = 2|Vgy|*, where Rz and V; denote,
respectively, the scalar curvature and covariant derivative for g. It is well known that
the scalar curvature (cf. [8]) is given by

Ry =(n—1) (Z(pAggo - n|Vg(p|2> .
Moreover, if F is any smooth function on (€2, g) we have
n
IVaFI> = > er(Fi)’,
k=1
Therefore, from (1.4) and the above equation we get
2 2y _ 2
N=(n — D[2¢Agp — n|Vepl®) =2|Vzyr|”.

In coordinates, we can infer that
n
N 2 ¢ 2|
ZSk 2 — DNk —n(n — l)a(ﬁl’,k) - 2ﬁ(1//,k) =0.
k=1
Assuming that ¢ (&) and v (£) are functions of £ we get
Dk = (p/Oli, Qii = (0”0[1-2 and Iﬂ,i = Ilf/Oli.
@ Springer
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Consequently,
N
Ei [2<n —~1)N¢" —n(n — 1)5«0/)2 - 2%(1//)2} =0

where ¢;, = Z gial. O
i
Proof Let us remember the Ricci and scalar curvature for a conformal metric in the
form g = (;% (cf. [8]):
. 1
Ricg = 5101 =2 Vi + [9Agp — (n — 1)|Vep|*]g} and
Ry=(n—1) <2¢Ag(p — n|vg¢|2) .
By equation (1.3),

. Ve ® Ve 2 _
2 Z g 2
N Ricg = VN —2 v + 4 1)N|Vg,l/f| g

is equivalent to
(n —2Np(Ve9)ij + NlpAgp — (n — 1)|Vep|*18ijei

2

2
vag'WZSiBij - LVgW@ng. (3.2)

Iy ——
T -1 N

The Hessian tensor for g is given by
n
(ViN)ij = Njj — ZF,{‘/NJC

where f‘{‘/. are the Christoffel symbols of the metric g. For a distinct i, j, k, we have

=k =i @, j =k Dk =i @i
Fij :O, Fll] 2—7, Fii =8i8k7, Flll 2—? (33)
Thus,
N iN
(V2 i+ 2 LA R (3.4)
%
and
(VEN)ii = Nii + 2— —-— Zekw KNk, (3.5)
@ Springer
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Moreover, we note that

n n
2
IVepl? =) e (ox)”. A=) ik (3.6)
k=1 k=1
and
(Ve)ij = 9ij.  (Va¥ @ Va¥)ij = Yy, 3.7

Ifi # j in (3.2), we obtain
(1 =N (Y39l = (ViN)ij + 2301, = 0. (3.8)
Substituting the expressions (3.4) and (3.7) into (3.8) in the above PDE, we get
(n—=2)Ngij —¢Nij —¢ jN;i—¢iN;+ 2%1//,1'1//,]' =0.
Furthermore, if i = j in (3.2), from (3.7) we have

(n —2)N@(V2)ii + NlpAgp — (n — 1>|vg<p|2]e,-

2
2002 N _
=@ (ViN)ii + ” 1)NIV AR (1# )2 (3.9

Hence, combining (3.5), (3.6) and (3.7) with (3.9) we obtain
9 2 . >
o[ = 2N0is — Nt = 200N + 2% (1) ] 100 = DN Y e (00)
k=1
n 2

2¢
+&; kXZ;Sk [<P€0,kkN + oo xN i — W DN (V) } =0.

Besides that, by Definition 1.1 we have divg (%) = 0 (Equation 1.2), which is
equivalent to

NAzy — g (Vay, VgN) = 0. (3.10)
By definition, we get

2(Vew, VaN) =g | D 8"y, aj,Zg N iy

i,j

@ Springer
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Since

8
o2 D @Peisividj, Yy @ eduNid | = 9> e iN
i k.l ik

we can conclude that

g (V¥ VaN) = ¢ ) il (3.11)
i
The Laplacian with respect to g for any smooth function F : Q — R is given by
n
AgF =) ¢°ciFii— (n—2)pg,iF,i.
i=1
Then, from (3.10) and (3.11) we have

n
D aNovw — (1 —2DN@ i — ¥ aNi) = 0.
k=1

Finally, by expression (1.1), we get
NAGN = CHVzy )%,

consequently,

n
o~ 2
> e{lpNN i — (n = 2)Ng N — C¢ (yri) "} = 0.
k=1

Thus, we conclude the proof of this theorem. O

Proof of Theorem 1.3 Now, we assume that ¥ (£), ¢ (&) and N (&) are functions of &.
The derivatives for any smooth function F := F (&) are given by

F,,‘ = F/Ol,', F,i,‘ = F”Otl-z, F’,‘j = F”ot,-ozj.
Then, by equation (1.5) in Theorem 1.2 we obtain

4 17 / ! / / 2(/) / / . .

(n—2)Ny ajaj — N ajoj —@'aiN'aj —@'ajN'a; + WI/I aiya; =0, i #],
which is equivalent to

1% 7 i L 29 N2
(n—2)N¢" —oN" —2¢'N +W(‘”) ajoj = 0.
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So, for a;aj # 0, we have

2
(n—2)N¢" —oN" —2¢'N’ + F(p (1//’)2 =0.

Similarly, considering equation (1.6) from Theorem 1.2, we get the following:

2
g0|:(n_2’)]\“0//_()0]\]//_2('0/]\]/_'_W(p(301)2]0{1‘2_’_

. . 2 "o 72 AN 2‘/72 N2\ _
slkX:]:skock{Ngo(p (n—DN(¢')" +9¢'N —(n_l)N(w)}_o.

It should be noted that (n — 2)N¢” — oN” — 2¢' N’ + %‘" (w/)2 = 0. Therefore,
2¢* 2
ANeg” — (n— DN (@) + 9o’ N — —2 (v)*} = 0.
8,0{ 99" —(n = DN (¢')" + 99 (n_l)N(w)

Again, by expression (1.7) of Theorem 1.2 we can infer that
eiflgNY" — (n —2)¢'Ny' — Ny} = 0.

If, foralli # j, we have o;aj = O then, without loss of generality, we can consider
& = xj,. Thus, equation (1.5) is trivially satisfied for i # j. Considering (1.6), for all
i # ip we obtain the following equation:

2
2 2¢ 2
Eip |:§0§0,i0ioN - (}’l - l)N ((p,io) +§0(p,i0N,i0 - (I’l — I)N (w,io) i| =0.
Therefore,
2

2
e e e A B

and thus, equation (1.10) is satisfied.
Considering i = ig in (1.6), we obtain
1 7 iy 29 n2
¢ |(1=2Ng" —N" = 20'N"+ == (V)
+ | Nog" — (= DN (¢)" + 99’ N — % W) =0
(n—1)N '
@ Springer
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Combining the above equation with (1.10), we obtain
1" 7 i, 29 72
(n —2)N¢" —oN" —2¢'N +F(w) =0.
Similarly, considering equation (1.7), we get

Ei{NoW.igip — (n =2)N@ o V.ig — ¢V,igN.ig} = 0,

which gives (1.11). Moreover, by Equation (1.8) we have (1.12).
Finally, it is easy to check that for )", s,-oziz = 0 (lightlike) the only possibility
left is (1.9). O

Proof of Theorem 1.4 1t follows immediately from Theorem 1.3. O

Proof of Theorem 1.5 First, combining equations (1.10) and (3.1) we have

N/ 1 /
—g'N +Nog" —N@) =0 — —-—+2_L o
N ¢ e
Considering that N and ¢ are functions of £, integrating the above expression, we
obtain

N=kZ,
@
with k € R\{0}.
Now, from (1.11) we obtain
" / /
W_/ (n — 2)£ +—
U N

Using the fact that N = k%, the above equation becomes

1 / VA
1/’—, =n-3»L 4+ 2.
¥ Y @

So ¢ = ki1¢'¢" =3 where k; € R\{0}. Therefore,

n—2

%
=k k,
4 1 2+2

where k; € R.
Considering the equation (1.9), we have

n—2 " ¢2N” 2 N 2 2 N2
_ L N4 — L —0.
n—17¢ 1 a1 N o Ne W)
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Then, combining (1.10) with the expression obtained previously, we get

-3 -3 N N
e A e R KT 7 (R E N )

On the other hand, by equation (1.12), we have

" N n—2\ 2¢ n2 _
—oN"+(n—2)¢'N +<n_1>w(¢) =0. (3.13)

Now, multiplying the expression (3.1) by %, we obtain

N -2\ 2
2(n —2)N¢" —n(n — 2)—((,0/)2 —(==) £ (1//)2 =0. (3.14)
© n—1) N
Therefore, from (3.13) and (3.14) it follows that

" AN " N N2 _
—oN" 4+ —2)¢'N +2(n—2)Ng —n(n—2);(<p) =0. (3.15

Combining (3.12) and (3.15) we can see that

2n -3 P n—3\ , ,
+2mn—=2) N " +|(n—2)+ —— | ¢'N
n—1 n—1
N N2 1 7
—[n—l—l—n(n—Z)];((p) — 1+nTl oN" =0. (3.16)
Again, from the fact that N = k%, we can infer that

” N 2 " ’on 7N\ 3
N =k go__(y;) and N'=k </)__3§0;0 +2<£) .
@ @ 2 % %

Substituting the expressions of N, N’ and N” in (3.16), we get

9" @)

__n(p/// +3n _ n2 -0
n—1 % @?
Therefore,
(p/// (p/(p// (P/ 3
— —=3n—-1) 3 +nn—1) (—) =0. (3.17)
@ @ @
This finishes the proof for this theorem. The next theorem, focuses on solving the
above ODE. O
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Proof of Theorem 1.6 Now, consider the following change of variable f = ¢’/ in the
last theorem. We can see that this choice is related to the function N. This trick allows
us to integrate explicitly the conformal function ¢. So,

(p// ¢///
?:f/_i_fz and ?:f//+3ff/+f3-

Now replacing the identities above in the expression (3.17) we get the following ODE

in f.
=3 =2)ff +n—2)7f=0. (3.18)
Considering v(f) = f/, we get

d? dv(f)d
T =P — .

Therefore, rewriting (3.18) and dividing by v(f), it gives us
V=3m-2)f—m—-2)>f" (3.19)
Note that the above ODE is from the Chini Equation family: v' = F(f)v" +G(f)v+

H(f) (see Equation 1.55, page 303 in [7]). This type of ODE generalizes the Riccati
and Abel equations. It is known that if the Chini invariant

a=F(H) ™ HHTFHH(f) — F'(fYH(f)
+mF(f)G(fYH(f)"m™™

is independent of f, the substitution

H(f) 1/m
v(f) = xu(f) (—)
! / F(f)
leads to an ODE of separable variables.
From (3.19), where m = —1, we get o = %9. So, « is independent of f, then
v(f) = F(n —2) fu(f), (3.20)

where u(f) := @ Moreover, v/ = F(n—2) f (Zu + fu’) . Hence, rewriting (3.19)
with the above identities we obtain

udu _du du  —df
uED@+1/2)  u+l 2u+1 [
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Thus,
in | £ ) In|f='+ R
n|l———|=1In c1; c; €R.
NeTES b
Therefore,

WA Fd D +AFd =0
where c¢; # 0 is an arbitrary constant. Then,

u(f)=@EfrFhtafr 321

From now on, it is very important to carefully follow the signs of the equations.
Substituting u( f) in (3.20) we have

af

= F(n —2)d§.
€ F 1D Een/ef F £
Then, by an integration we obtain
E(e1 Fyfef F )
=Fn—2)§ + 2,
cf

where ¢y € R. From the above equation we get

¢ _ 2T 0 -2

@ I+ cfler F (n — 2)EP

A simple integration yields to
9(§) = csll £ cfler F (n = )€/, (3.21)

where c3 is a non null constant.
Therefore, from (1.15) we can infer that

ki

Ve = —>

ANt F 0 -2 + ko

and

2keiler F (n — 2)¢]
1+ cfler F (n = 2)€17

N (&) =

where ko, 2, k #0, ki £0, c3 20, ¢ #0 € R.
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Now, to get the converse statement for this theorem we need to prove that N,
Y and ¢ are, indeed, solutions for Theorem 1.3 and Lemma 3.1. A straightforward
computation proves that ¢ satisfies (1.14). On the other hand, to get (3.1), or the
equations in Theorem 1.3, the following identity must be satisfied

2(n—2
2 4:03(” )k%

T - D=2k

(3.22)

In fact, from the equation in (3.1), knowing that N = k‘% and ¢’ = kj¢'¢" 3, we

obtain

2
ok
(p2 k2

I/ N3
@@ _n(n_l)(w)

2 —1) @' 9?2 = 0. (3.23)

Considering (3.21), we have

2cies(cr F (n —2)€)
[1+c2er F (n — 2)E2]0=D/=2)"

¢'(E) =

and

") = 2ctes{nct(cr F (n — 2)6) F (n — 2)}
v [1£c3er F (n — 2)E2|@n=3)/(=2)

Therefore, substituting the expressions above in (3.23), from a simple computation
we obtain the following identity:

8ctes(cr F (n — 2)€) o D) 220D B
[1 £ cllea F (n — 2)E2]Gn=5)/(1=2) ErEn

Similarly, we can verify that N, i and ¢ satisfy the equations of Theorem 1.3 only
if (3.22) is satisfied. Hence, the only possibility for ¢, ¥ and N is the one provided
in the statement of this theorem, i.e., (1.16), (1.17) and (1.18), respectively. O

4 Appendix

In this section, we will provide the formula for the sectional curvature for a conformal
. . . Sii&i - . o
metric. Consider the metric g;; = %% in Q@ € R” a open subset, where ¢ is a positive
: @

smooth function. We can write g'/ = ¢2§; ;€& to indicate the inverse of the metric g;;.
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In these conditions, we have:

Agik  —20ike;

ax; 93 e

For this metric g, the curvature coefficients are
Rijij =Y Rlig =R 4
ijij = iji 8Lj iji
7 @?
[ J I i J J
(Zrllrjl Zr]lrll—k_rii_a_xirji)'

Then, from (3.3) we can calculate the derivative of Flkj That is,

2 2
Zrh—ge (B2 -2S) and 1) = <&) _ 2t
0x; "\ e ® 0x; @ %

Combining the above identities with (3.3) we get

2 P @
9’ejRijij = —ZSifl <—> +eig; Ly =
, ¢ ¢

4

Now, if the four indices are distinct

Riji = Z R8st = Rll'jk g =0.
N

Finally, consider the case in which we have three distinct indices:

D kj

i D ki
ik = """
/ %

Jo_
lek_7 and Uk_O

Hence, the sectional curvature generated by dy;, ij is

1 Qi | i
Kij=¢ < Ze,sl( ) + &6 . +%)si. 4.1)

Leté = Z?:l a;x;, consider ¢(&) a function of £. Since
Qi = ¢ai, Qi = <PN06,-2, Qij = 90”011'051‘,
@ Springer
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from (4.1) we get
2
Kij = —(¢') &y + 99"c 0 + 0o/ eicr],

where E n . 8[0512 = ¢, € {—1, 0, 1}, which depends on the direction of the tangent
1=
vector field o = E n 1a18x,.
1=
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