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In this paper, we consider gradient Schouten solitons, conformal to an n-dimensional 
pseudo-Euclidean space and invariant under the action of an (n − 1)-dimensional trans
lation group. We provide all such solutions and further, we prove that, in the Riemannian 
case, there does not exist a complete gradient Schouten Soliton that is conformal to Eu
clidean space and invariant to translation. Furthermore, we consider ρ-Einstein solitons of 
type M = (

Bn, g∗) × (F m, gF ), where 
(

Bn, g∗) is conformal to a pseudo-Euclidean space 
and invariant under the action of the pseudo-orthogonal group, and 

(
F m, gF

)
is an Ein

stein manifold. We provide all the solutions for the gradient Schouten soliton case, in the 
Riemannian case, we prove that if M = (

Bn, g∗)× (F m, gF ) is a complete gradient Schouten 
soliton, then 

(
Bn, g∗) is isometric to Sn−1 ×R and F m is a compact Einstein manifold.

© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI 
training, and similar technologies.

1. Introduction and main results

In 1982, R. Hamilton introduced a nonlinear evolution equation for Riemannian metrics, aiming to find canonical metrics 
on manifolds (see [11]). This evolution equation is known as the Ricci flow and has since been widely and successfully 
used, most notably in Perelman’s solution of the Poincaré conjecture. Since then, problems involving Ricci curvature have 
aroused the interest of many researchers. Various cases involving the Ricci curvature have been studied in the literature, 
such as gradient Ricci solitons (see, e.g., [5], [7], [13], and their references), gradient Ricci almost solitons (see, e.g., [17]), 
Einstein-type manifolds (see, e.g., [8]), gradient Schouten solitons and ρ-Einstein solitons (see, e.g., [9]).

Following Catino and Mazzieri in [9], we say that a Riemannian manifold 
(

Mn, g
)
,n ≥ 3 is a gradient ρ-Einstein soliton 

with ρ ∈R,ρ �= 0, if there exists a smooth function h : M −→R, such that the metric g satisfies the equation

Ricg + Hessgh = ρK g g + λg (1.1)

for some constant λ ∈ R, where K g is the scalar curvature of the metric g . A ρ-Einstein soliton is said to be shrinking, 
steady, or expanding if λ > 0, λ = 0, or λ < 0, respectively. Furthermore, a ρ-Einstein soliton is said to be a gradient Einstein 
soliton, gradient traceless Ricci soliton, or gradient Schouten soliton if ρ = 1

2 , ρ = 1
n , or ρ = 1 

2(n−1)
, respectively.

In particular, this paper, specifically focuses on the gradient Schouten soliton. These are Riemannian manifolds satisfying

Ag = 1 
n − 2

(
λg − Hessgh

)
(1.2)
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for some smooth function h and some constant λ ∈R. Where

Ag = 1 
n − 2

(
Ricg − K g

2(n − 1)
g

)
(1.3)

is the Schouten tensor of M and K g is the scalar curvature of the metric g . The Schouten soliton equation (1.2) relates 
geometric information about the curvature of the manifold through the Schouten tensor and the geometry of the level 
sets of the potential function by means of their second fundamental form. This tensor has been considered especially in 
conformal geometry and its importance can be seen in the following decomposition of the curvature tensor

R g = W g + Ag � g, (1.4)

where R g is the curvature tensor, � is the Kulkarni-Nomizu product and W g is the Weyl tensor of the metric g . For more 
details, see, e.g., [2] and [16]. Since the Weyl tensor is conformally invariant, to study the deformation of the conformal 
metric, we only need to understand the Schouten tensor.

ρ-Einstein soliton has been recently investigated in both the Riemannian and pseudo-Riemannian contexts, as can be 
seen in [3,4,9,18]. Nice results established by Catino and Mazzieri in [9] state that every compact gradient Einstein, Schouten, 
or traceless Ricci soliton, is trivial. In addition, they proved that every complete gradient steady Schouten soliton is trivial, 
hence Ricci flat. In [18], the authors considered ρ-Einstein solitons that are conformal to a pseudo-Euclidean space and 
invariant under the action of the pseudo-orthogonal group. They provided all the solutions for the gradient Schouten soliton 
case. Motivated by Bryant’s classification in [6], it was proved that if a gradient Schouten soliton is both complete, conformal 
to a Euclidean metric, and rotationally symmetric, then it is shrinking and isometric to Sn−1 ×R.

Throughout this paper, we consider two related problems involving gradient Schouten solitons. The first problem involves 
considering gradient Schouten solitons, which are completely rewritten according to an n-dimensional pseudo-Euclidean 
space, invariant under the action of an (n − 1)-dimensional translation group, so we find all such solutions (see, Theo
rem 1.4). Moreover, in the Riemannian case, we prove that the metrics obtained in Theorem 1.4 are not complete, leading 
us to the following result.

Corollary 1.1. Let (Rn, ḡ), n ≥ 2 a gradient Schouten soliton, conformal to the Euclidean metric and invariant under the action of an 
(n − 1)-dimensional translation group, where ḡi j = δi j/ϕ

2 . Then (Rn, ḡ) is not complete.

The second problem consists in considering gradient Schouten solitons on the product manifold M = (
Bn, g∗)× (F m, gF ), 

where 
(

Bn, g∗) is conformal to a pseudo-Euclidean space and invariant under the action of the pseudo-orthogonal group, 
and 

(
F m, gF

)
is an Einstein manifold, equipped with the metric tensor g̃ = gB + gF . From the standpoint of manifolds, the 

next result is an extension of the result in [18].

Corollary 1.2. Let 
((

Mn, g∗) × F m
)
, n ≥ 3 and m ≥ 1 be a complete gradient Schouten soliton, where (Mn, g∗) is conformal to a 

Euclidean metric and rotationally symmetric, where g∗
i j = δi j/ψ

2 , and F m is an Einstein Riemannian manifold. Then 
(
Mn, g∗) is 

isometric to Sn−1 ×R, F m is a compact manifold with Ricci curvature equal to λF = (n − 2) and λ̃ = − (m−n+1)(n−2)
2(n−1) .

Based on this result, we can see that depending on the choices of m and n, λ̃ can be negative, zero or positive. In this 
context, it was possible to build explicit rotationally symmetric examples of complete gradient Schouten solitons, whether 
they are expanding, steady or shrinking. Additionally, we have obtained a class of examples that are not locally conformally 
flat.

More specifically, let (Rn, g) be the standard pseudo-Euclidean space with metric g and coordinates (x1, ..., xn), with 
gij = δi jεi , 1 ≤ i, j ≤ n, where δi j is the Kronecker delta, and εi = ±1. Let ξ = ∑n

i=1 αi xi,αi ∈ R be a basic invariant for an 
(n − 1)-dimensional translation group. Let us get the necessary and sufficient conditions for the existence of differentiable 
functions ϕ(ξ) and f (ξ) such that the metric ḡ = g

ϕ2 satisfies equation (1.2). Initially, we find a system of differential 
equations that the functions f and ϕ must satisfy, so that the metric ḡ = g

ϕ2 satisfies (1.1) (see Theorem 3.1). It should be 
noted these conditions differ depending on whether the direction α = ∑n

k=1 αk∂/∂αk being null (lightlike) or not. In the 
null case, the gradient Schouten soliton is necessarily steady (see Theorem 3.2). In this scenario, we show that there are 
infinitely many gradient Schouten solitons conformal to the standard pseudo-Euclidean metric, which are invariant under 
the action of an (n − 1)-dimensional group acting on Rn (Theorem 1.3). Considering ρ = 1 

2(n−1)
, in Lemma 3.1, we find the 

necessary conditions required for the functions to be solutions of the system of ODEs obtained in Corollary 3.3. Finally, we 
obtain the necessary and sufficient conditions for f (ξ) and ϕ(ξ) for the existence of one gradient Schouten soliton. In this 
case, all solutions are given explicitly. Moreover, in the Riemannian case, we prove that there does not exist a complete 
gradient Schouten soliton that is conformal to Euclidean space and invariant to translation. These results are an extension 
of the result in [1] for the gradient Schouten solitons, with λ ∈R.

Furthermore, when considering ρ-Einstein solitons as being product manifolds of type

M = (
Bn, g∗) × (

F m, gF
)
,

2 
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where 
(

Bn, g∗) is conformal to a pseudo-Euclidean space and invariant under the action of the pseudo-orthogonal group, (
F m, gF

)
is an Einstein manifold, we assume the potential function is defined only in Bn . More precisely, let (Rn, g) be the 

standard pseudo-Euclidean space with metric g and coordinates (x1, ..., xn), with gij = δi jεi , 1 ≤ i, j ≤ n, where δi j is the 
Kronecker delta, and εi = ±1. Let r = ∑n

i=1 εi x2
i be a basic invariant for an (n − 1)-dimensional pseudo-orthogonal group. 

Let us find the necessary and sufficient conditions for the existence of differentiable functions ψ(r) and h(r) such that the 
metric g̃ = g∗ + gF , where g∗ = g

ψ2 , satisfies the equation (1.2). Initially, we started by considering a ρ-Einstein soliton as 
being a product manifold of type M = (

Bn, g∗) × (
F m, gF

)
, we then find a system of differential equations, which functions 

h and ψ must satisfy, so that the metric g̃ = g∗ + gF satisfies (1.1) (see Theorem 3.4). Note that if the solutions are invariant 
under the action of the pseudo-orthogonal group, the system of partial differential equations given in Theorem 3.4 can be 
transformed into a system of ordinary differential equations (see Theorem 3.5). Setting ρ = 1 

2(n−1)
, in Lemma 3.2, we find 

the necessary conditions on ψ(r) so that the problem allows for a solution (Corollary 3.6).
Finally, we obtain the necessary and sufficient conditions for h(r) and ψ(r) for the existence of a gradient Schouten 

soliton. In this case, all solutions are given explicitly (Theorem 1.7). Moreover, in the Riemannian case, we show that if 
a gradient Schouten soliton is complete, where (Mn, g∗) is conformal to an Euclidean metric and rotationally symmetric, 
where g∗

i j = δi j/ψ
2, and F m is an Einstein Riemannian manifold, then 

(
Mn, g∗) is isometric to Sn−1 ×R, F m is a compact 

manifold with Ricci curvature equal to λF = (n − 2) and λ̃ = − (m−n+1)(n−2)
2(n−1) .

Let us establish our main ground. Settle down the metric

g̃ = g∗ + l2 gF

on 
(
Rn, g∗) ×l F m (see [12] and the references within), with m ≥ 1, it is well known that:⎧⎪⎪⎨⎪⎪⎩

Ricg̃(X, Y ) = Ricg∗(X, Y ) − m
l Hessg∗ l(X, Y )

Ricg̃(V , H) = RicgF (V , H) −
(

Δg∗ l
l + (m − 1)

g∗(∇g∗ l,∇g∗ l
)

l2

)
g̃(V , H)

Ricg̃(X, V ) = 0

(1.5)

where Hessg∗ , ∇g∗ and Δg∗ are, respectively, the Hessian, gradient and the Laplacian operators for g∗ . Moreover, X and 
Y are horizontal vector fields, while H and V are vertical vector fields (see [14]). Part of our results will be considered 
product manifolds of type 

(
Rn, g∗) × F m as being a particular case of the warped product 

(
Rn, g∗) ×l F m considering l ≡ 1. 

For more details, see [14].
The following theorem shows that there are infinitely many gradient steady Schouten solitons that are conformal to the 

standard pseudo-Euclidean space and are invariant under the action of an (n − 1)-dimensional translation group acting on 
Rn when εi0 = 0.

Theorem 1.3. (see [1]) Let ϕ(ξ) be any nonvanishing differentiable function, where ξ = ∑n
i=1 αi xi and εi0 = 0. Then function f (ξ)

given by:{
f (ξ) = −(n − 2)

∫ 1 
ϕ2

(∫
ϕϕ′′dξ

)
dξ, f or n ≥ 3,

f (ξ) = k
∫ 1 

ϕ2 dξ + k1, f or n = 2,
(1.6)

where k ∈ R∗+ and k1 ∈ R, satisfies (3.4) and (Rn, ḡ), where ḡ = g/ϕ2 is a gradient ρ-Einstein soliton steady with f as a potential 
function.

Next, we classify all metrics that are invariant under translation that satisfy equation (1.2) with λ ∈R.

Theorem 1.4. Let 
(
Rn, g

)
, n ≥ 2, be a pseudo-Euclidean space with coordinates x = (x1, ..., xn) and metric component gij = δi jεi , 

1 ≤ i, j ≤ n, where εi = ±1. Considering smooth functions ϕ(ξ) and f (ξ), where ξ = ∑n
i=1 αi xi , αi ∈ R and εi0 �= 0. There exists a 

metric ḡ = 1 
ϕ2 g such that 

(
Rn, ḡ

)
is a gradient Schouten soliton with f as a potential function if, and only if, functions ϕ(ξ) and f (ξ)

satisfy {
ϕ(ξ) = e(kξ+k1),

f (ξ) = (2−n)k
2 ξ + εi0 λ

2k2 e−2(kξ+k1) + k2,
(1.7)

where k ∈R∗+ and k1,k2 ∈R.

Remark 1.5. We believe that taking ρ �= 1 
2(n−1)

, the solutions for such equation will be nontrivial and very different from 
the solutions found in Theorem 1.4 when considering ρ = 1 

2(n−1)
.

3 
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Remark 1.6. The solutions obtained in Theorems 1.3 and 1.4 when n = 2 are in fact gradient Yamabe solitons, because 
Ricg = K g and equation (1.1) become ∇2 f = ((ρ − 1)K + λ) g (for more details see, e.g., [15]).

As a consequence of Lemma 3.2, we are going to provide a classification theorem for gradient Schouten solitons of type 
M = (Rn, g∗) × F m , where (Rn, g∗) is conformal to a pseudo-Euclidean space and invariant by the action of the pseudo
orthogonal group and F m is an Einstein manifold.

Theorem 1.7. Let (Rn, g) be a pseudo-Euclidean space, n ≥ 3, with coordinates x = (x1, · · · , xn) and gij = δi jεi . Consider the product 

manifold M = (Rn, g∗)× F m with metric tensor ̃g = g∗ + gF , where g∗ = 1 
ψ2

g, F m is an Einstein pseudo--Riemannian manifold with 

m ≥ 2, constant Ricci curvature λF and smooth functions ψ(r) and h(r), where r =
n ∑

k=1
εkx2

k . Then M is a gradient Schouten soliton 

with h as a potential function if, and only if, functions h and ψ satisfy:⎧⎪⎨⎪⎩
ψ(r) = k2r,
h(r) = λF

2k2
2

r−1 + k1,

λ̃ = − λF
2(n−1)

(m − 2n + 2) ,

(1.8)

and ⎧⎪⎪⎪⎨⎪⎪⎪⎩
ψ(r) = k2r

1
2 ,

h(r) = (n−2)
8 (ln r)2 + c ln r + c1,

λ̃ = − (m−n+1)(n−2)
2(n−1) k2

2,

λF = (n − 2)k2
2,

(1.9)

where c, c1 and k1 ∈R and k2 ∈R∗+ .

Before we go any further, we provide some examples to illustrate Theorem 1.3 and Theorem 1.7.

2. Examples for the gradient Schouten solitons

Example 2.1. Let ϕ(ξ) = B cosh(Aξ), where A, B ∈ R such that A �= 0 and B �= 0, ξ = ∑n
i=1 αi xi and 

∑n
i=1 εiαi = 0. Solving 

(1.6), we get

f (ξ) = (2 − n)

4AB2
tanh(Aξ)

(
AB2 (sinh(2Aξ) + 2Aξ) + 4K2

)
+ (n − 2)

4 
cosh(2Aξ) + K1,

where K2 and K1 ∈R. It follows from Theorem 1.3 that ḡ = g/ϕ2 is a gradient steady Schouten soliton, with f as a potential 
function.

Example 2.2. Similarly, if we choose ϕ(ξ) = 1 
1+ξ2 , then it follows from Theorem 1.3 that

f (ξ) = (n − 2)
(
36 ln

(
ξ2 + 1

) + (
3ξ5 + 10ξ3 + 15ξ

)
arctan (ξ)

)
60 

− (n − 2) ξ2 ((ξ (3ξ (4Aξ − 1) + 40A) − 9) − 60Aξ)

60 
+ B,

where A, B ∈R, is a potential function of a steady gradient Schouten soliton ḡ = g/ϕ2.

Example 2.3. Let (Rn, g),n ≥ 3, be the standard Lorentzian space with coordinates (x1, ..., xn) and signature, ε1 = −1, ε2 =
... = εn = 1. Considering ξ = ∑n

i=1 αi xi such that α1 = α2 = 1 and α3 = α4 = ... = αn = 0 and chose ϕ = 1 
1+ξ2 , let

ḡ = (1 + ξ)2 g, and f = kξ

(
1 + 2

3
ξ2 + 1

5
ξ4

)
+ k1 (2.1)

where k ∈R∗+ and k1 ∈R. Then, we saw that 
(
Rn, ḡ, f

)
is a steady gradient Schouten soliton with potential function f .

In the Theorem 1.7 depending on the choice of m and n, λ̃ can be negative, zero or positive. In this case, it is possible to 
build examples of complete gradient schouten soliton, either expanding, steady or shrinking.

4 
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Example 2.4. The product manifold 
(
S2 ×R

) × (
S2 ×S2

)
, with the usual product metric, is a complete expanding gradient 

Schouten soliton with λ̃ = − 1
2 . In fact, considering m = 4 and n = 3, and since S2 × S2 is an Eisntein manifold with com 

λF = 1, it meets the conditions of Theorem 1.7.

Example 2.5. The product manifold 
(
Sn−1 ×R

) × Sn−1, with the usual product metric, is a complete steady gradient 
Schouten soliton with λ̃ = 0. In fact, considering m = n − 1 and since the unitary sphere (n − 1) - dimensional Sn−1 is 
an Eisntein manifold with λF = n − 2, it meets the conditions of Theorem 1.7.

Example 2.6. The product manifold 
(
S3 ×R

)×S2
R , with the usual product metric, is a complete shrinking gradient Schouten 

soliton with λ̃ = 1
3 . In fact, considering m = 2 and n = 4, and since the sphere S2

R , with R =
√

2
2 , is a Eisntein manifold with 

λF = 2, it meets the conditions of Theorem 1.7.

Example 2.7. As a consequence of Corollary 1.2 we can build examples of complete gradient Schouten solitons that are not 
locally flat. To do this, just consider ((Sn−1 × R) × F m) where F m is a non- trivial compact Einstein manifold with Ricci 
curvature equal to λF = (n − 2).

3. Background

In this section, we will present some preliminary results that will be useful in establishing the main results. In what 
follows, we denote the second order derivative of ϕ , ψ , f and h by ϕ,xi x j , ψ,xi x j , f,xi x j and h,xi x j , respectively, with respect 
to xi x j .

Theorem 3.1. (see [18]) Let 
(
Rn, g

)
, n ≥ 2, be a pseudo-Euclidean space with coordinates x = (x1, ..., xn) and gij = δi jεi , 1 ≤ i, j ≤ n, 

where εi = ±1. Consider a smooth function f : Rn −→ R. There exists a metric ḡ = 1 
ϕ2 g such that 

(
Rn, ḡ

)
is a gradient ρ-Einstein 

soliton with f as a potential function if, and only if, functions ϕ and f satisfy

(n − 2)ϕ,xi x j + ϕ f,xi x j + ϕ,xi f,x j + ϕ,x j f,xi = 0, i �= j (3.1)

and for each i

ϕ
[
(n − 2)ϕ,xi xi + ϕ f,xi xi + 2ϕ,xi f,xi

]
(3.2)

+εi

n ∑
k=1 

εk

[
(n − 1)

(
ρnϕ2

,xk
− 2ρϕϕ,xkxk − ϕ2

,xk

)
− ϕϕ,xk f,xk + ϕϕ,xkxk

]
= λεi .

We want to find solutions of the system (3.1), (3.2) of the form ϕ(ξ) and f (ξ), where ξ = ∑n
i=1 αi xi , αi ∈R. Whenever ∑n

i=1 εiα
2
i �= 0, without loss of generality, we may consider 

∑n
i=1 εiα

2
i = εi0 = ±1. The next theorem reduced the systems 

of partial differential equations (3.1), (3.2) to an system of ordinary differential equations.

Theorem 3.2. Let 
(
Rn, g

)
, n ≥ 2, be a pseudo-Euclidean space with coordinates x = (x1, ..., xn) and metric components gij = δi jεi , 

1 ≤ i, j ≤ n, where εi = ±1. Consider the smooth functions ϕ(ξ) and f (ξ), where ξ = ∑n
i=1 αi xi , αi ∈R. Then there exists a metric 

ḡ = g/ϕ2 such that 
(
Rn, ḡ

)
is a gradient ρ-Einstein soliton with f as a potential function, if and only if, functions ϕ and f satisfy{

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0,

εi0

{
(n − 1)

[
(ρn − 1) (ϕ′)2 − 2ρϕϕ′′] − ϕϕ′ f ′ + ϕϕ′′} = λ,

(3.3)

whenever 
∑
k=1

εkα
2
k = εk0 , and

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0, and λ = 0, (3.4)

whenever 
∑
k=1

εkα
2
k = 0.

Proof. Let ḡ = g/ϕ2 be a conformal metric of g . We assume that f (ξ) and ϕ(ξ) are functions of ξ . Hence, we have

ϕ,xi = ϕ′αi, ϕxi xi = ϕ′′α2
i , ϕ,xi x j = ϕ′′αiα j

and

f,xi = f ′αi, fxi xi = f ′′α2
i , f,xi x j = f ′′αiα j.

5 
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Then, by equation (3.1) from Theorem 3.1 implies that,

(n − 2)ϕ′′αiα j + ϕ f ′′αiα j + ϕ′αi f ′α j + ϕ′α j f ′αi = 0, i �= j

is equivalent to[
(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′]αiα j = 0, i �= j.

If i �= j exists such that αiα j �= 0, we have

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0.

Similarly, considering equation (3.2) from Theorem 3.1, we get the following:

ϕ
[
(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′]α2

i

+εi

n ∑
k=1 

εk

{
(n − 1)

[
(ρn − 1) (ϕ′)2α2

k − 2ρϕϕ′′α2
k

]
− ϕϕ′αk f ′αk + ϕϕ′′α2

k

}
= λεi .

It should be noted that (n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0. Therefore,

n ∑
k=1 

εkα
2
k

{
(n − 1)

[
(ρn − 1) (ϕ′)2 − 2ρϕϕ′′] − ϕϕ′ f ′ + ϕϕ′′} = λ.

If, for all i �= j, we have αiα j = 0, then ξ = xi0 and equation (3.1) is trivially satisfied for i �= j. Considering (3.2) for 
i �= i0, we have

n ∑
k=1 

εk

(
(n − 1)

(
(ρn − 1)(ϕxk )

2 − 2ρϕϕ,xkxk

)
− ϕϕ,xk f,xk + ϕϕ,xkxk

)
= λ.

Since ξ = xi0 , we obtain

ϕ,xi0
= ϕ′, ϕ,xi0 xi0

= ϕ′′, f,xi0
= f ′, and, f,xi0 xi0

= f ′′.

Consequently,

εi0

(
(n − 1)

(
(ρn − 1)(ϕ′)2 − 2ρϕϕ′) − ϕϕ′ f ′ + ϕϕ′′) = λ.

Therefore, the second equation of (3.3) is satisfied. Considering i = i0 in (3.2), we have

(n − 2)ϕϕ′′ + ϕ2 f ′′ + 2ϕϕ′ f ′ +
[
(n − 1)

(
(ρn − 1)(ϕ′)2 − 2ρϕϕ′′) − ϕϕ′ f ′ + ϕϕ′′] = λεi0 .

Combining the first equation of (3.3) with this equation, the following result. �
However, when ρ = 1 

2(n−1)
and εi0 �= 0, the equations found in Theorem 3.2 are easier to deal with, under these consid

erations we get the following result:

Corollary 3.3. Let 
(
Rn, g

)
, n ≥ 2, be a pseudo-Euclidean space with coordinates x = (x1, ..., xn) and metric components gij = δi jεi , 

1 ≤ i, j ≤ n, where εi = ±1. Consider the smooth functions ϕ(ξ) and f (ξ), where ξ = ∑n
i=1 αi xi , αi ∈R. Then there exists a metric 

ḡ = 1 
ϕ2 g such that 

(
Rn, ḡ

)
is a gradient Schouten soliton with f as a potential function, if and only if, functions ϕ and f satisfy{

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0,

εi0

{
(2 − n) (ϕ′)2 − 2ϕϕ′ f ′} = 2λ.

(3.5)

The next Lemma provides a necessary condition for system (3.5) to admit solutions, whenever that εi0 �= 0.

Lemma 3.1. Considering that the smooth functions ϕ(ξ) and f (ξ) are non-constant, such that ξ = ∑n
i=1 αi xi and εi0 �= 0. If ϕ(ξ) and 

f (ξ) satisfy (3.5), then ϕ(ξ) satisfies the ordinary differential equation

ϕ′′ϕ = (
ϕ′)2

. (3.6)

6 
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Proof. If 
∑n

k=1 εkα
2
k = εi0 , by second expression of (3.5) from Corollary 3.3, we obtain

εi0{(2 − n)
(
ϕ′)2 − 2ϕϕ′ f ′} = 2λ.

Deriving the above equation, the following that

2(2 − n)ϕ′ϕ′′ − 2
[
(ϕ′)2 f ′ + ϕϕ′′ f ′ + ϕϕ′ f ′′] = 0

equivalently,[
(2 − n)ϕ′ − ϕ f ′]ϕ′′ = (

ϕ′)2
f ′ + ϕϕ′ f ′′. (3.7)

By the first expression of (3.5) from Corollary 3.3, we have

ϕ f ′′ = − [
(n − 2)ϕ′′ + 2ϕ′ f ′] . (3.8)

Substituting this equation into (3.7), we get[
(2 − n)ϕ′ − ϕ f ′]ϕ′′ = (

ϕ′)2
f ′ − ϕ′ [(n − 2)ϕ′′ + 2ϕ′ f ′] ,

implies that

ϕϕ′′ = (
ϕ′)2

.

Therefore, the proof is done. �
Considering a ρ-Einstein soliton as being product manifolds of type M = (

Bn, g∗)×(
F m, gF

)
, where 

(
Bn, g∗) is conformal 

to a pseudo-Euclidean space and invariant under the action of the pseudo-orthogonal group, we get:

Theorem 3.4. Let (Rn, g) be a pseudo-Euclidean space, n ≥ 3 with coordinates x = (x1, · · · , xn) and gij = δi jεi . Consider the product 

manifold M = (Rn, g∗) × F m with metric tensor ̃g = g∗ + gF , where g∗ = 1 
ψ2

g, F is an Einstein pseudo-Riemannian manifold with 

constant Ricci curvature λF , m ≥ 1, ψ,h : Rn → R, are smooth functions. Then M is a gradient ρ--Einstein soliton if, and only if, 
functions ψ and h satisfy

(n − 2)ψxi x j + ψh,xi x j + ψ,xi h,x j + ψ,x j h,xi = 0, i �= j, (3.9)

and for each i

εi

n ∑
k=1

εk

[
ψψ,xkxk − (n − 1)

(
ψ,xk

)2 − ψψ,xk h,xk − 2(n − 1)ρψψ,xkxk + (n − 1)nρ
(
ψ,xk

)2
]

+
[
(n − 2)ψψ,xi xi +ψ2h,xi xi +2ψψ,xi h,xi

]
=

(
λF mρ + λ̃

)
εi, 

(3.10)

and

n ∑
k=1

εk

(
(n − 1)nρ

(
ψ,xk

)2 − 2(n − 1)ρψψ,xkxk

)
= λF (mρ − 1) + λ̃. (3.11)

Proof. Suppose initially that M = (
Rn, g∗) × F m is a gradient ρ--Einstein soliton with potential function h, that is,

Ricg̃ + Hessg̃h =
(
ρK g̃ + λ̃

)
g̃, ρ ∈R. (3.12)

It follows from equations (1.5) that, if X1, X2, . . . , Xn ∈ L(Rn) and Y1, Y2, . . . , Ym ∈ L(F ), where L(Rn) and L(F ) are 
respectively the spaces of lifts of a vector field on Rn and F to (Rn × F m), then⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Ricg̃(Xi, X j) = (n − 2)ψ,xi x j

ψ
, ∀ i �= j, i, j = 1, . . . ,n

Ricg̃(Xi, Xi) = 1 
ψ

[
(n − 2)ψ,xi xi + εi

n ∑
k=1

εkψ,xkxk

]
− (n − 1)εi

ψ2

n ∑
k=1

(
ψ,xk

)2
, ∀ i = 1, . . . ,n

Ricg̃(Xi, Y j) = 0, ∀i = 1, . . . ,n, j = 1, . . . ,m

Ricg̃(Yi, Y j) = λF g̃(Yi, Y j), ∀ i, j = 1, . . . ,m.

(3.13)

7 
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As the potential function h :Rn −→R is defined only on the basis, we have

Hessg̃(h)
(

Xi, X j
) = Hessg∗(h)

(
Xi, X j

) ∀ i, j = 1, . . . ,n.

Therefore,⎧⎨⎩Hessg̃h(Xi, X j) = h,xi x j + ψ,x j h,xi
ψ

+ ψ,xi h,x j
ψ

, ∀ i �= j, i, j = 1, . . . ,n

Hessg̃(Xi, Xi) = h,xi xi + 2ψ,xi h,xi
ψ

− εi
1 
ψ

∑n
k=1 εkψ,xk h,xk , ∀ i = 1, . . . ,n.

(3.14)

Now, we split the proof into two cases. In the first case, we will consider the vector fields on the base and in the second 
one, on the fiber.

If X1, X2, . . . , Xn ∈L(Rn), then to i �= j, from equation (3.12) together with equations (3.13) and (3.14), it follows that

(n − 2)ψ,xi x j

ψ
+ h,xi x j + ψ,xi h,x j

ψ
+ ψ,x j h,xi

ψ
= 0.

Therefore,

(n − 2)ψxi x j + ψh,xi x j + ψ,xi h,x j + ψ,x j h,xi = 0.

For i = j we will need the following statements. It is well known that (see, e.g., [10])

K g̃ = K g∗ + K F (3.15)

where K g̃ , K g∗ and K F represent the scalar curvatures of M = (
Rn, g∗) × F m , 

(
Rn, g∗) and F m , respectively. Note that

K g∗ =
n ∑

k=1 
εk

[
2(n − 1)ψψ,xkxk − (n − 1)n

(
ψ,xk

)2
]
, K F = λF m.

Substituting this expression into (3.15), we get

K g̃ =
n ∑

k=1 
εk

[
2(n − 1)ψψ,xkxk − (n − 1)n

(
ψ,xk

)2
]
+ λF m.

Multiplying by ρ on both sides of the above equality, we obtain

ρ
(

K g∗ + K F
) = ρλF m + ρ

n ∑
k=1 

εk

[
2(n − 1)ψψ,xkxk − (n − 1)n

(
ψ,xk

)2
]
. (3.16)

Replacing the expressions found in (3.13), (3.14) and (3.15) into (3.12), we have

1 
ψ

[
(n − 2)ψ,xi xi + εi

n ∑
k=1 

εkψ,xkxk

]
− (n − 1)εi

ψ2

n ∑
k=1 

εk
(
ψ,xk

)2 + h,xi xi + 2
ψ,xi h,xi

ψ
− εi

ψ

n ∑
k=1 

εkψ,xk h,xk (3.17)

=
(
ρ

(
K g∗ + K F

) + λ̃
)

g∗ (Xi, Xi) .

Substituting equation (3.16) into (3.17) and multiplying by ψ2, we can verify that

εi

n ∑
k=1

εk

[
ψψ,xkxk − (n − 1)

(
ψ,xk

)2 − ψψ,xk h,xk − 2(n − 1)ρψψ,xkxk + (n − 1)nρ
(
ψ,xk

)2
]

+
[
(n − 2)ψψ,xi xi +ψ2h,xi xi +2ψψ,xi h,xi

]
=

(
λF mρ + λ̃

)
εi .

If Y1, Y2, . . . , Ym ∈L(F ), we get

Hessg̃(h)
(
Yi, Y j

) = 0. (3.18)

Substituting the equations given by (3.13), (3.16) and (3.18) into (3.12), we obtain(
ρλF m + ρ

n ∑
k=1 

εk

(
2(n − 1)ψψ,xkxk − (n − 1)n

(
ψ,xk

)2
)

+ λ̃

)
gF

(
Yi, Y j

) = λF gF
(
Yi, Y j

)
, (3.19)

which implies

8 
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ρλF m + ρ

n ∑
k=1 

εk

(
2(n − 1)ψψ,xkxk − (n − 1)n

(
ψ,xk

)2
)

+ λ̃ = λF .

Therefore,

n ∑
k=1 

εk

(
(n − 1)nρ

(
ψ,xk

)2 − 2(n − 1)ρψψ,xkxk

)
= λF (mρ − 1) + λ̃. �

We want to find solutions to the system of equations (3.9), (3.10) and (3.11) of the form ψ(r) and h(r), where r =
n ∑

k=1
εkx2

k . The following theorem reduces the system of partial differential equations (3.9), (3.10) and (3.11) into a system of 

ordinary differential equations that must be satisfied by such solutions.

Theorem 3.5. Let (Rn, g) be a pseudo-Euclidean space, n ≥ 3, with coordinates x = (x1, · · · , xn) and gij = δi jεi . Consider M =
(Rn, g∗) × F m, where g∗ = 1 

ψ2 g, F m an Einstein pseudo--Riemannian manifold with constant Ricci curvature λF and smooth func

tions ψ(r) and h(r), where r =
n ∑

k=1
εkx2

k . Then M is a gradient ρ--Einstein soliton with h as a potential function if, and only if, functions 

h and ψ satisfy:

(n − 2)ψ ′′ + ψh′′ + 2ψ ′h′ = 0, (3.20)

2ψ
[
2(n − 1)(1 − nρ)ψ ′ + ψh′]+ (3.21)

4r
[
(1 − 2(n − 1)ρ)ψψ ′′ + (n − 1)(nρ − 1)

(
ψ ′)2 − ψψ ′h′] =

(
λF mρ + λ̃

)
.

and

−4n(n − 1)ρψψ ′ + 4r
[
(n − 1)nρ

(
ψ ′)2 − 2(n − 1)ρψψ ′′] = λF (mρ − 1) + λ̃. (3.22)

Proof. Let g∗ = ψ−2 g be a conformal metric of g . We are assuming that ψ(r) and h(r) are functions of r, where r =∑n
k=1 εkx2

k . Hence, we have

ψ,xi = 2εi xiψ
′, ψ,xi xi = 4x2

i ψ
′′ + 2εiψ

′, ψ,xi x j = 4εiε j xix jψ
′′,

and

h,xi = 2εi xih
′, h,xi xi = 4x2

i h′′ + 2εih
′, h,xi x j = 4εiε jxi x jh

′′.

Substituting these expressions into the first equation of Theorem 3.4, we get

(n − 2)
(
4εiε j xi x jψ

′′) + ψ
(
4εiε j xix jh

′′) + (
2εi xiψ

′) (
2ε j x jh

′) + (
2ε j x jψ

′) (
2εi xih

′) = 0,

equivalently,

4εiε j
[
(n − 2)ψ ′′ + ψh′′ + 2ψ ′h′] xix j = 0.

Since there exists i �= j, such that xi x j �= 0, it follows that

(n − 2)ψ ′′ + ψh′′ + 2ψ ′h′ = 0

Similarly, considering the second equation of Theorem 3.4, we obtain

ψ
[
(n − 2)

(
4x2

i ψ
′′ + 2εiψ

′) + ψ
(

4x2
i h′′ + 2εih

′) + 2
(
2εi xiψ

′) (
2εi xih

′)]+

εi

n ∑
k=1 

εk

[
(1 − 2(n − 1)ρ)ψ

(
4x2

kψ ′′ + 2εkψ
′) + (n − 1)(nρ − 1)

(
2εkxkψ

′)2
]
+

εi

n ∑
k=1 

εk
[−ψ

(
2εkxkψ

′) (
2εkxkh′)] =

(
λF mρ + λ̃

)
εi,

equivalently,

9 
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4εi

n ∑
k=1 

εkx2
k

[
(1 − 2(n − 1)ρ)ψψ ′′ + (n − 1)(nρ − 1)

(
ψ ′)2 − ψψ ′h′]+

4ψ
[
(n − 2)ψ ′′ + ψh′′ + 2ψ ′h′] x2

i + 2ψ
[
(n − 2)ψ ′ + ψh′]εi+

2εi

n ∑
k=1 

εk
[
(1 − 2(n − 1)ρ)ψψ ′εk

] =
(
λF mρ + λ̃

)
εi .

From equation (3.20), it follows that

2ψ
[
(n − 2)ψ ′ + ψh′ + (1 − 2(n − 1)ρ)nψ ′]+

+4r
[
(1 − 2(n − 1)ρ)ψψ ′′ + (n − 1)(nρ − 1)

(
ψ ′)2 − ψψ ′h′] =

(
λF mρ + λ̃

)
,

implies that

2ψ
[
2(n − 1)(1 − nρ)ψ ′ + ψh′]+

4r
[
(1 − 2(n − 1)ρ)ψψ ′′ + (n − 1)(nρ − 1)

(
ψ ′)2 − ψψ ′h′] =

(
λF mρ + λ̃

)
.

Finally, from the last equation of Theorem 3.4, we have

n ∑
k=1 

εk

[
−2(n − 1)ρψ

(
4x2

kψ ′′ + 2εkψ
′) + (n − 1)nρ

(
2εkxkψ

′)2
]

= λF (mρ − 1) + λ̃.

Therefore,

−4n(n − 1)ρψψ ′ + 4r
[
(n − 1)nρ

(
ψ ′)2 − 2(n − 1)ρψψ ′′] = λF (mρ − 1) + λ̃. �

Considering ρ = 1 
2(n−1)

, the equations found in Theorem 3.5 are easier to deal with, under these considerations we 
obtain the following result:

Corollary 3.6. Let (Rn, g) be a pseudo-Euclidean space, n ≥ 3, with coordinates x = (x1, · · · , xn) and gij = δi jεi . Consider M =
(Rn, g∗) × F m, where g∗ = 1 

ψ2
g, F m is an Einstein pseudo--Riemannian manifold with constant Ricci curvature λF and smooth 

functions ψ(r) and h(r), where r =
n ∑

k=1
εkx2

k . Then M is a gradient Schouten soliton with h as a potential function if, and only if, 

functions h and ψ satisfy:

(n − 2)ψ ′′ + ψh′′ + 2ψ ′h′ = 0, (3.23)

ψ
[
(n − 2)ψ ′ + ψh′] + r

[
(2 − n) (ψ ′)2 − 2ψψ ′h′] = λF m 

4(n − 1)
+ λ̃

2 
, (3.24)

and

−nψψ ′ + 2r
[n 

2

(
ψ ′)2 − ψψ ′′] = λF

4(n − 1)
(m − 2n + 2) + λ̃

2 
. (3.25)

The next lemma provides us with the necessary conditions for the existence of gradient Schouten solitons.

Lemma 3.2. Consider smooth functions ψ(r) and h(r) with r = ∑n
i=1 εi x2

i . If ψ(r) and h(r) satisfy (3.23) and (3.24), then ψ(r)
satisfies the following ordinary differential equation:

rψψ ′′ = r
(
ψ ′)2 − ψψ ′. (3.26)

Proof. Just follow the same steps as Lemma 3.1, considering the second equation of Corollary 3.6. �
10 
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4. Proof of the main results

Proof of Theorem 1.4. By expressing (3.6) of Lemma 3.1, we have

ϕ′′

ϕ′ = ϕ′

ϕ
(4.1)

implies that

ϕ(ξ) = ekξ+k1 . (4.2)

Substituting this equation into the second equation of (3.5), we get

f ′(ξ) = (2 − n)k

2 
− εi0λ

k 
e−2(ξk+k1). (4.3)

Therefore,

f (ξ) = (2 − n)k

2 
ξ + εi0λ

2k2
e−2(ξk+k1) + k2 (4.4)

where k ∈R∗+ and k1,k2 ∈R.
Reciprocally, considering ϕ and f given by (4.2) and (4.4) respectively, the first equation of (3.5) is satisfied, i.é.,

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = (n − 2)k2ekξ+k1 + 2λεi0 e−(kξ+k1) + (2 − n)k2ekξ+k1 − 2λεi0 e−(kξ+k1).

Therefore,

(n − 2)ϕ′′ + ϕ f ′′ + 2ϕ′ f ′ = 0.

Furthermore, the second equation of (3.5) is trivially satisfied. This concludes the proof of Theorem 1.4. �
Proof of Corollary 1.1. Follows by Theorem 1.4 that the conformal factor ϕ is given by ϕ(ξ) = ekξ+k1 , where ξ = ∑n

k=1 αi xi
and 

∑n
k=1 α2

k = 1. Without loss of generality, suppose that α1 �= 0. Let us split the proof into two cases, α1 > 0 and α1 < 0.

Case 1: If α1 > 0, consider the divergent curve α(t) = (t,0...,0), t > 0 such that α′(t) = (1,0...,0), ϕ(α(t)) = ekα1t+k1 and 
ḡ
(
α′(t),α′(t)

) = 1 
e2

(
kα1t+k1

) . Consequently,

l(α) = lim 
t−→∞

∫
e−2(kα1t+k1)dt.

Therefore

l(α) = − 1 
2kα1

lim 
t−→∞ e−2(kα1t+k1) + c = c,

where c is constant and finite. Therefore 
(
Rn, ḡ

)
is not complete.

Case 2: If α1 < 0, consider the divergent curve γ (t) = −α(t), t > 0 such that γ ′(t) = (−1,0...,0), ϕ(γ (t)) = e−kα1t+k1 and 
ḡ
(
γ ′(t), γ ′(t)

) = 1 
e2

(−kα1t+k1
) . Consequently,

l(γ ) = lim 
t−→∞

∫
e−2(−kα1t+k1)dt.

Therefore,

l(γ ) = 1 
2kα1

lim 
t−→∞ e2(kα1t−k1) + c1 = c1,

where c1 is a constant and finite. Therefore, in both cases 
(
Rn, ḡ

)
is not complete. This concludes the proof of Corol

lary 1.1. �
Proof of Theorem 1.7. From Lemma 3.2 we know that ψ(r) = k2rs with k2 > 0. Since ψ(r) must satisfy equation (3.25), it 
follows that

−nk2rsk2srs−1 + nrk2
2s2r2s−2 − 2rk2rsk2s(s − 1)rs−2 = λF

4(n − 1)
(m − 2n + 2) + λ̃

2 
,

11 
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equivalently,

−nk2
2sr2s−1 + nk2

2s2r2s−1 − 2k2
2s(s − 1)r2s−1 = λF

4(n − 1)
(m − 2n + 2) + λ̃

2 
,

which implies

s(s − 1)(n − 2)k2
2r2s−1 = λF

4(n − 1)
(m − 2n + 2) + λ̃

2 
. (4.5)

Since the right side must be constant, we have either s = 1 or s = 1
2 .

If s = 1, we have λ̃ = − λF
2(n−1)

(m − 2n + 2), by the fact that ψ(r) and h satisfy equation (3.24). Note that

ψ(r) = k2r, ψ ′(r) = k2, ψ ′′(r) = 0.

Consequently

(n − 2)k2
2r + k2

2r2h′ + (2 − n)k2
2r − 2k2

2r2h′ = λF m 
4(n − 1)

+ λ̃

2 
,

implies that

h(r) =
(

λF m 
4(n − 1)k2

2

+ λ̃

2k2
2

)
r−1 + k1.

Thus,

h(r) = λF

2k2
2

r−1 + k1.

Reciprocally, the function ψ(r) and h(r) given in (1.8) satisfy (3.23), (3.24) and (3.25). Since

h′ = −
(

λF m 
4(n − 1)k2

2

+ λ̃

2k2
2

)
r−2, h′′ = 2

(
λF m 

4(n − 1)k2
2

+ λ̃

2k2
2

)
r−3.

In this case

(n − 2)ψ ′′ + ψh′′ + 2ψ ′h′ = 2

(
λF m 

4(n − 1)k2
2

+ λ̃

2k2
2

)
rr−3 + 2

(
−

(
λF m 

4(n − 1)k2
2

+ λ̃

2k2
2

)
r−2

)
,

equivalently,

(n − 2)ψ ′′ + ψh′′ + 2ψ ′h′ = 2

(
λF m 

4(n − 1)k2
2

+ λ̃

2k2
2

)
r−2 − 2

(
λF m 

4(n − 1)k2
2

+ λ̃

2k2
2

)
r−2.

Therefore (n − 2)ψ ′′ + ψh′′ + 2ψ ′h′ = 0.
Clearly, in this case the second and third equation hold.

If s = 1
2 , we have by (3.24) and (3.25) that λF

4(n−1)
(m − 2n + 2)+ λ̃

2 = − (n−2)k2
2

4 and λF m 
4(n−1)

+ λ̃
2 =

(n−2)k2
2

4 . Consequently we 

obtain λ̃ = − (m−n+1)(n−2)
2(n−1) k2

2 and λF = (n − 2)k2
2. Substituting ψ(r) = k2r

1
2 into (3.23), we obtain h(r) = (n−2)

8 (ln r)2 + c ln r +
c1, where c, c1 ∈R.

This concludes the proof of Theorem 1.7. �
Proof of Corollary 1.2. Except for homothety we can consider k2 = 1 in Theorem 1.7. It has been proven in [18] that 
(Rn, g∗), g∗

i j = δi j/ψ
2, with ψ(r) = rs , is complete only for s = 1

2 . Moreover, 
(
Rn \ {0}, g∗ = 1

r g0
)

is isometric to R× Sn−1. 
Since λF = (n − 2) > 0, it follows from the Bonnet–Myers Theorem that F is compact. �
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