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1. Introduction and main results

In 1982, R. Hamilton introduced a nonlinear evolution equation for Riemannian metrics, aiming to find canonical metrics
on manifolds (see [11]). This evolution equation is known as the Ricci flow and has since been widely and successfully
used, most notably in Perelman’s solution of the Poincaré conjecture. Since then, problems involving Ricci curvature have
aroused the interest of many researchers. Various cases involving the Ricci curvature have been studied in the literature,
such as gradient Ricci solitons (see, e.g., [5], [7], [13], and their references), gradient Ricci almost solitons (see, e.g., [17]),
Einstein-type manifolds (see, e.g., [8]), gradient Schouten solitons and p-Einstein solitons (see, e.g., [9]).

Following Catino and Mazzieri in [9], we say that a Riemannian manifold (M”, g) ,n >3 is a gradient p-Einstein soliton
with p € R, p #0, if there exists a smooth function h: M —> R, such that the metric g satisfies the equation

Ricg + Hessgh = pKgg + g (1.1)

for some constant A € R, where K is the scalar curvature of the metric g. A p-Einstein soliton is said to be shrinking,
steady, or expanding if . > 0, A =0, or A < 0, respectively. Furthermore, a p-Einstein soliton is said to be a gradient Einstein
soliton, gradient traceless Ricci soliton, or gradient Schouten soliton if p = % p= % or p= ﬁ respectively.

In particular, this paper, specifically focuses on the gradient Schouten soliton. These are Riemannian manifolds satisfying

Ag= (g — Hessgh) (1.2)

n—2
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for some smooth function h and some constant A € R. Where

Ag= Ric Ke (1.3)
£ n-2 £ om—1)°® :

is the Schouten tensor of M and K is the scalar curvature of the metric g. The Schouten soliton equation (1.2) relates
geometric information about the curvature of the manifold through the Schouten tensor and the geometry of the level
sets of the potential function by means of their second fundamental form. This tensor has been considered especially in
conformal geometry and its importance can be seen in the following decomposition of the curvature tensor

where Ry is the curvature tensor, © is the Kulkarni-Nomizu product and Wy is the Weyl tensor of the metric g. For more
details, see, e.g., [2] and [16]. Since the Weyl tensor is conformally invariant, to study the deformation of the conformal
metric, we only need to understand the Schouten tensor.

p-Einstein soliton has been recently investigated in both the Riemannian and pseudo-Riemannian contexts, as can be
seen in [3,4,9,18]. Nice results established by Catino and Mazzieri in [9] state that every compact gradient Einstein, Schouten,
or traceless Ricci soliton, is trivial. In addition, they proved that every complete gradient steady Schouten soliton is trivial,
hence Ricci flat. In [18], the authors considered p-Einstein solitons that are conformal to a pseudo-Euclidean space and
invariant under the action of the pseudo-orthogonal group. They provided all the solutions for the gradient Schouten soliton
case. Motivated by Bryant’s classification in [6], it was proved that if a gradient Schouten soliton is both complete, conformal
to a Euclidean metric, and rotationally symmetric, then it is shrinking and isometric to S™! x R.

Throughout this paper, we consider two related problems involving gradient Schouten solitons. The first problem involves
considering gradient Schouten solitons, which are completely rewritten according to an n-dimensional pseudo-Euclidean
space, invariant under the action of an (n — 1)-dimensional translation group, so we find all such solutions (see, Theo-
rem 1.4). Moreover, in the Riemannian case, we prove that the metrics obtained in Theorem 1.4 are not complete, leading
us to the following result.

Corollary 1.1. Let (R", g), n > 2 a gradient Schouten soliton, conformal to the Euclidean metric and invariant under the action of an
(n — 1)-dimensional translation group, where g;j = §;;/ @?. Then (R", ) is not complete.

The second problem consists in considering gradient Schouten solitons on the product manifold M = (B”, g*) x (F™, gf),
where (B”, g*) is conformal to a pseudo-Euclidean space and invariant under the action of the pseudo-orthogonal group,
and (Fm, gp) is an Einstein manifold, equipped with the metric tensor g = gg + gr. From the standpoint of manifolds, the
next result is an extension of the result in [18].

Corollary 1.2. Let ((M", g*) x F™), n > 3 and m > 1 be a complete gradient Schouten soliton, where (M", g*) is conformal to a

Euclidean metric and rotationally symmetric, where g;; = Sij/wz, and F™ is an Einstein Riemannian manifold. Then (M”, g*) is

_ (m=n+1)(n-2)
2(n—1) .

isometric to S™™1 x R, F™ is a compact manifold with Ricci curvature equal to Ap = (n — 2) and A =

Based on this result, we can see that depending on the choices of m and n, % can be negative, zero or positive. In this
context, it was possible to build explicit rotationally symmetric examples of complete gradient Schouten solitons, whether
they are expanding, steady or shrinking. Additionally, we have obtained a class of examples that are not locally conformally
flat.

More specifically, let (R", g) be the standard pseudo-Euclidean space with metric g and coordinates (x1, ..., X;), with
gij = dijei, 1 <i, j <n, where §;; is the Kronecker delta, and &; = £1. Let £ = Z?:l aixi, o; € R be a basic invariant for an
(n — 1)-dimensional translation group. Let us get the necessary and sufficient conditions for the existence of differentiable
functions ¢(§) and f(&) such that the metric g = % satisfies equation (1.2). Initially, we find a system of differential
equations that the functions f and ¢ must satisfy, so that the metric g = % satisfies (1.1) (see Theorem 3.1). It should be
noted these conditions differ depending on whether the direction o = Zﬁ:l o d/9ay being null (lightlike) or not. In the
null case, the gradient Schouten soliton is necessarily steady (see Theorem 3.2). In this scenario, we show that there are
infinitely many gradient Schouten solitons conformal to the standard pseudo-Euclidean metric, which are invariant under
the action of an (n — 1)-dimensional group acting on R" (Theorem 1.3). Considering p = ﬁ in Lemma 3.1, we find the
necessary conditions required for the functions to be solutions of the system of ODEs obtained in Corollary 3.3. Finally, we
obtain the necessary and sufficient conditions for f(§) and ¢(§) for the existence of one gradient Schouten soliton. In this
case, all solutions are given explicitly. Moreover, in the Riemannian case, we prove that there does not exist a complete
gradient Schouten soliton that is conformal to Euclidean space and invariant to translation. These results are an extension
of the result in [1] for the gradient Schouten solitons, with A € R.

Furthermore, when considering p-Einstein solitons as being product manifolds of type

M= (B",g*) x (F", gF).
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where (B", g*) is conformal to a pseudo-Euclidean space and invariant under the action of the pseudo-orthogonal group,
(F’”, gp) is an Einstein manifold, we assume the potential function is defined only in B". More precisely, let (R", g) be the
standard pseudo-Euclidean space with metric g and coordinates (x1, ..., X;), with g;; = §;j&;, 1 <1i, j <n, where §;; is the
Kronecker delta, and &; = +1. Let r= Y"1, 81')(1-2 be a basic invariant for an (n — 1)-dimensional pseudo-orthogonal group.
Let us find the necessary and sufficient conditions for the existence of differentiable functions ¥ (r) and h(r) such that the
metric g = g* + gr, where g* = %, satisfies the equation (1.2). Initially, we started by considering a p-Einstein soliton as

being a product manifold of type M = (B", g*) x (F™, g¢), we then find a system of differential equations, which functions
h and ¥ must satisfy, so that the metric g = g* + gr satisfies (1.1) (see Theorem 3.4). Note that if the solutions are invariant
under the action of the pseudo-orthogonal group, the system of partial differential equations given in Theorem 3.4 can be
transformed into a system of ordinary differential equations (see Theorem 3.5). Setting p = ﬁ in Lemma 3.2, we find
the necessary conditions on ¥ (r) so that the problem allows for a solution (Corollary 3.6).

Finally, we obtain the necessary and sufficient conditions for h(r) and ¥ (r) for the existence of a gradient Schouten
soliton. In this case, all solutions are given explicitly (Theorem 1.7). Moreover, in the Riemannian case, we show that if
a gradient Schouten soliton is complete, where (M", g*) is conformal to an Euclidean metric and rotationally symmetric,
where gfj =§;j/¥?%, and F™ is an Einstein Riemannian manifold, then (M", g*) is isometric to S™1 x R, F™ is a compact

_ (m-ntH(n-2)

manifold with Ricci curvature equal to Af = (n —2) and % = =1y

Let us establish our main ground. Settle down the metric

=g +gr
on (R™, g*) x; F™ (see [12] and the references within), with m > 1, it is well known that:
Ricg(X,Y) = Ricg (X, Y) — ™Hessg:I(X, Y)
Ricz(V, H) = Ricg, (V. H) — <A§*’ +(m— 1)%) (V. H) (15)
Ricz(X,V)=0

where Hessgs, Vg« and Ag+ are, respectively, the Hessian, gradient and the Laplacian operators for g*. Moreover, X and
Y are horizontal vector fields, while H and V are vertical vector fields (see [14]). Part of our results will be considered
product manifolds of type (R", g*) x F™ as being a particular case of the warped product (R", g*) x; F™ considering | = 1.
For more details, see [14].

The following theorem shows that there are infinitely many gradient steady Schouten solitons that are conformal to the
standard pseudo-Euclidean space and are invariant under the action of an (n — 1)-dimensional translation group acting on
R" when ¢, =0.

Theorem 1.3. (see [1]) Let ¢ (&) be any nonvanishing differentiable function, where & = Z?:l a;x; and g;, = 0. Then function f(¢)
given by:

f©=--2)[ % ([ pg"ds)ds, for n=3,

f&=kf ﬁdé—i-k], for n=2, (1.6)

where k € R% and ki € R, satisfies (3.4) and (R", g), where g = g/@? is a gradient p-Einstein soliton steady with f as a potential
function.

Next, we classify all metrics that are invariant under translation that satisfy equation (1.2) with 1 € R.

Theorem 1.4. Let (R", g), n > 2, be a pseudo-Euclidean space with coordinates x = (x1, ..., X,) and metric component g;; = §jj&;,
1 <i, j <n, where &; = £1. Considering smooth functions ¢ (£) and f (&), where & = Z?:l aixi, o; € R and &, # 0. There exists a
metric g = #g such that (R”, fg) is a gradient Schouten soliton with f as a potential function if, and only if, functions ¢ (&) and f (&)
satisfy

{ () = ek,

) 1.7
f(g) = (2_2”)"&—1—%e‘z("“k”—i—kz, (17)

where k e R and k1, k; e R.

Remark 1.5. We believe that taking p # ﬁ the solutions for such equation will be nontrivial and very different from

1

the solutions found in Theorem 1.4 when considering p = STy

3
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Remark 1.6. The solutions obtained in Theorems 1.3 and 1.4 when n =2 are in fact gradient Yamabe solitons, because
Ricg = Kg and equation (1.1) become V2f =((p—1)K + 1) g (for more details see, e.g., [15]).

As a consequence of Lemma 3.2, we are going to provide a classification theorem for gradient Schouten solitons of type
M = (R", g*) x F™, where (R", g*) is conformal to a pseudo-Euclidean space and invariant by the action of the pseudo-
orthogonal group and F™ is an Einstein manifold.

Theorem 1.7. Let (R", g) be a pseudo-Euclidean space, n > 3, with coordinates x = (x1, - - - , Xn) and gij = 8;&;. Consider the product
~ 1 . L . . . .
manifold M = (R, g*) x F™ with metric tensor g = g* + gr, where g* = Fg, F™ is an Einstein pseudo-Riemannian manifold with
n
m > 2, constant Ricci curvature Ar and smooth functions v (r) and h(r), wherer = ) skx,%. Then M is a gradient Schouten soliton

k=1
with h as a potential function if, and only if, functions h and  satisfy:

V() =kor,
— AF -1
f}(r)— 2’k (1.8)
h=—gtbs (m—2n+2),
and
Y =kor?,
h(r) = %2 (Inr)? +clnr +c1, 19
5\_ _(mfn+])(n72)k2 ( . )
= 20— K2°

AF = (n—2)ks,

wherec, c1 andk; e R and k; e R%.

Before we go any further, we provide some examples to illustrate Theorem 1.3 and Theorem 1.7.

2. Examples for the gradient Schouten solitons

Example 2.1. Let ¢ (&) = B cosh(A¢), where A, B € R such that A#0 and B#0, § =Y i ; oix; and Y i &ij = 0. Solving
(1.6), we get
2-n)

f(6) = = tanh(A¢) (A32 (sinh(2A€) + 2A8) + 41<2) +

where K, and K; € R. It follows from Theorem 1.3 that § = g/¢? is a gradient steady Schouten soliton, with f as a potential
function.

(n - 2) cosh(2A8) + K.

Example 2.2. Similarly, if we choose ¢(§) = # then it follows from Theorem 1.3 that
(n—2)(361In(£2 4+ 1) + (387 + 10&> + 15¢) arctan (£))
fe&) = &0
_(n— 2)E2 (£ (3€ (4AE — 1) + 40A) — 9) — 60AE)

B’
60 +

where A, B € R, is a potential function of a steady gradient Schouten soliton g = g/¢?.

Example 2.3. Let (R", g),n > 3, be the standard Lorentzian space with coordinates (x1, ..., X;) and signature, &1 = —1, &, =
...= &, = 1. Considering & = Z?:l a;x; such that oy =z =1 and a3 =a4 = ... = o, =0 and chose ¢ = ﬁ let

- 2 2., 1.4

g=(1+&)"g, and f=k& T+ 38+ 287 ) +h (21)

where k € R* and kq € R. Then, we saw that (R", g, f) is a steady gradient Schouten soliton with potential function f.

In the Theorem 1.7 depending on the choice of m and n, A can be negative, zero or positive. In this case, it is possible to
build examples of complete gradient schouten soliton, either expanding, steady or shrinking.

4
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Example 2.4. The product manifold (S? x R) x (S? x S?), with the usual product metric, is a complete expanding gradient

Schouten soliton with X = —%. In fact, considering m =4 and n =3, and since S% x S? is an Eisntein manifold with com
Ap= 1, it meets the conditions of Theorem 1.7.

Example 2.5. The product manifold (S"*1 x R) x S™1, with the usual product metric, is a complete steady gradient

Schouten soliton with A = 0. In fact, considering m =n — 1 and since the unitary sphere (n — 1) - dimensional $"! is
an Eisntein manifold with A =n — 2, it meets the conditions of Theorem 1.7.

Example 2.6. The product manifold (S3 X R) X S,%, with the usual product metric, is a complete shrinking gradient Schouten

soliton with A = % In fact, considering m =2 and n =4, and since the sphere S2, with R = 4 is a Eisntein manifold with
Ar =2, it meets the conditions of Theorem 1.7.

Example 2.7. As a consequence of Corollary 1.2 we can build examples of complete gradient Schouten solitons that are not
locally flat. To do this, just consider ((S"~! x R) x F™) where F™ is a non- trivial compact Einstein manifold with Ricci
curvature equal to A = (n — 2).

3. Background

In this section, we will present some preliminary results that will be useful in establishing the main results. In what
follows, we denote the second order derivative of ¢, ¥, f and h by @ xixjr Woxixj f,xl.x,. and h,x,»xj, respectively, with respect
to Xix;.

Theorem 3.1. (see [18]) Let (]R”, g), n > 2, be a pseudo-Euclidean space with coordinates x = (X1, ..., Xp) and g;; = 8;&;, 1 <1, j <n,
where g; = +1. Consider a smooth function f : R" — R. There exists a metric g = #g such that (]R”, Q) is a gradient p-Einstein
soliton with f as a potential function if, and only if, functions ¢ and f satisfy

(n - 2)(p,Xin + ¢f,X1Xj + (P,xi f,x]' + Qp,xj f,x,' = 0, i 75 J (3-1)
and for each i
(p [(n - 2) Qo,xixi + pr,xixi + 2(p,X,‘ f,X,'] (32)

n
+¢&; Z €k [(n -1 (pmp?xk — 2009 xx, — w,z,ck) —0Qx fx + gmp,x,(xk] = A&j.
k=1

We want to find solutions of the system (3.1), (3.2) of the form ¢(§) and f (&), where & = Z?:l oixi, oi € R. Whenever
Z?zl sioziz # 0, without loss of generality, we may consider Z?:] e,uiz = &j, = 1. The next theorem reduced the systems
of partial differential equations (3.1), (3.2) to an system of ordinary differential equations.

Theorem 3.2. Let (R”, g), n > 2, be a pseudo-Euclidean space with coordinates X = (X1, ..., Xn) and metric components gi; = 8;j&i,
1 <i, j <n, where &; = £1. Consider the smooth functions ¢(¢§) and f (&), where & = 2?21 aixi, oj € R. Then there exists a metric
& = g/ such that (R”, g) is a gradient p-Einstein soliton with f as a potential function, if and only if, functions ¢ and f satisfy

[(n—2)90”+90f”+2g0/f’:0, s
giy [(n— 1) [(on — 1) (©)2 = 2p9@" ] — @' f' + p¢"} = 1, ,
whenever Y ega? = gy,, and
k=1
n=2)¢" +of"+2¢'f'=0, and r=0, (3.4)

whenever )" gy =0.
k=1

Proof. Let g = g/@? be a conformal metric of g. We assume that f(£) and @(&) are functions of &. Hence, we have

/ "2 "
Pxi =@ Ui, Qxix =@ O, Qxx; =@ Qi

and

f,Xi = f/ais inXi = f//aiza f,X,'Xj = f//aiaj~
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Then, by equation (3.1) from Theorem 3.1 implies that,
n=2)p"aiaj+ofaiaj+@'aif'aj+@ajfai=0, i#j
is equivalent to
[M—2)¢" +of" +2¢ f]ajaj=0, i+ ]j.
If i # j exists such that ;o # 0, we have
m—=2)p"+of"+2¢'f =0.

Similarly, considering equation (3.2) from Theorem 3.1, we get the following:
gl =2¢" +of"+2¢'f']a}

n
+ei Y e {(n -1 [(pn —1) (@) — pr”aﬁ] — @ o f'ay + w”af] = 1&.
k=1

It should be noted that (n — 2)¢” + ¢ f” + 2¢’ f’ = 0. Therefore,

angk“zf {(n -1 [(pn -1 () - prp”] —p¢'f + w”} = A
k=1

If, for all i # j, we have aj; =0, then £ =x;, and equation (3.1) is trivially satisfied for i # j. Considering (3.2) for
i #ip, we have

n
> ek ((n -1 ((pn — D(gw)” = 2p¢><p,xkxk) —99.xfx + (P‘P,kak) =
k=1
Since & = x;,, we obtain

(P,x,-o = (P/, (p,x,-ox,-o = (/7//» f,XiO = f/y and7 f,x,-ox,-o = f//'

Consequently,

€iy ((n -1 ((pn —1(p)* - 2p<p¢>’) —99'f'+ <p<p”) =

Therefore, the second equation of (3.3) is satisfied. Considering i =ig in (3.2), we have

(n=2)9¢" +@*f" +20¢' '+ = 1) ((on = D@)? = 200¢") — 00/ + 99" | = ey
Combining the first equation of (3.3) with this equation, the following result. O

However, when p = ﬁ and ¢;, # 0, the equations found in Theorem 3.2 are easier to deal with, under these consid-

erations we get the following result:

Corollary 3.3. Let (R", g), n > 2, be a pseudo-Euclidean space with coordinates x = (x1, ..., X;) and metric components gj; = 8;;&;,
1 <i, j <n, where &; = £1. Consider the smooth functions ¢(§) and f (&), where & = Z';:] aixi, oj € R. Then there exists a metric
g= %g such that (]R", g) is a gradient Schouten soliton with f as a potential function, if and only if, functions ¢ and f satisfy
(n _ z)go// +¢f” + zgo/f/ — 0’
. 2 /2_2 a5y (3.5)
gip {2 — 1) (9)? =209/ '} =22

The next Lemma provides a necessary condition for system (3.5) to admit solutions, whenever that ¢;, # 0.

Lemma 3.1. Considering that the smooth functions ¢(¢) and f (&) are non-constant, such that & = Z'f:] ajx; and gi, #0.If (&) and
f (&) satisfy (3.5), then @ (&) satisfies the ordinary differential equation

2

0" = ((,0/) . (3.6)
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Proof. If > }_, ekalf = €j,, by second expression of (3.5) from Corollary 3.3, we obtain
eio{2— 1) (¢') =209/ '} = 21.

Deriving the above equation, the following that
22-mg'e" =2 (@) f +9¢" [ +9¢'f'] =0

equivalently,

[(@-m¢' —of]¢" = (@) f + ¢ f". (3.7)

By the first expression of (3.5) from Corollary 3.3, we have

of'=—[(n—2)¢" +2¢'f]. (3.8)
Substituting this equation into (3.7), we get

[@-m¢ —fe" = (@) f —¢' [n—2¢" +2¢'f].
implies that
(p(p// _ ((p/)Z )

Therefore, the proof is done. O

Considering a p-Einstein soliton as being product manifolds of type M = (B", g*) x (F™, gf), where (B", g*) is conformal
to a pseudo-Euclidean space and invariant under the action of the pseudo-orthogonal group, we get:

Theorem 3.4. Let (R", g) be a pseudo-Euclidean space, n > 3 with coordinates x = (x1, - - - , xp) and gij = 8;;&;. Consider the product
~ 1 . . . . . .
manifold M = (R", g*) x F™ with metric tensor g = g* + gf, where g* = Wg, F is an Einstein pseudo-Riemannian manifold with

constant Ricci curvature Ap, m > 1, ¥, h : R" — R, are smooth functions. Then M is a gradient p-Einstein soliton if, and only if,
functions  and h satisfy

(n - z)inXj + wh,Xin + ‘W,X,‘h,){j + W,th,xi = 09 l # j’ (39)

and for each i

&i kZ &k [Ww,xkxk - (n - 1) (W,xk)z - Ww,xkh,xk - 2(n - ])pww,xkxk + (n - 1)np (W,Xk)z:l
=1

(3.10)
[0 = 29+ Mo 420V h | = (hrmo +7) &,
and
n 2 -
> e (0= Dnp (W) = 201 = DY ) = (mp — 1) + 7., (3:11)
k=1
Proof. Suppose initially that M = (R”, g*) x F™ is a gradient p-Einstein soliton with potential function h, that is,
Ricg + Hesszh = (,ng + X) g, peR. (312)

It follows from equations (1.5) that, if X1, X2,...,Xp € LR™) and Yq,Ya,..., Yy € L(F), where L(R") and L(F) are
respectively the spaces of lifts of a vector field on R" and F to (R" x F™), then

n—2 .
Ricg(Xi,Xj):%,V i£j ij=1,....n
) 1 n n—Te; 2 )
Ricz(Xi, Xi) = v |:(n =DV xx &Y 8k1p,xkxki| — Tl > (W,xk)z, V i=1,...,n (313)
k=1 k=1

Ric(Xi,Yj)=0,Vi=1,...,n,j=1,....m
Ricg(yi,Yj) :AFE(Yi, Yj), Vij=1,...,m.
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As the potential function h: R"™ — R is defined only on the basis, we have
Hessg(h) (Xi, Xj) = Hessg=(h) (X;, Xj) ¥ i,j=1,...,n.

Therefore,

‘//,th,x,- ‘//,xih,xj-

Hessgh(X,-,Xj):hqxixj—f— ;1” + 7 ,Vi#£j, i,j=1,...,n

20y ,
Hessg(Xi, Xi) = h yx, + ——5 '—Ei%ZL]Sklﬁ,xkh,x,ﬂ vV i=1,...,n.

(3.14)

Now, we split the proof into two cases. In the first case, we will consider the vector fields on the base and in the second
one, on the fiber.
If X1,X3,..., Xy € L(R™M), then to i # j, from equation (3.12) together with equations (3.13) and (3.14), it follows that

(n — 2)1//,xl-xj W,x,-h,xj + W,xjh,x,- —o.
14 14 14

gy, +
Therefore,
(n - Z)I/inXj + ‘/fh,xixj + I/f,x,-h,xj + w,th,Xi = 0
For i = j we will need the following statements. It is well known that (see, e.g., [10])
Kg = Kg: + K¢ (3.15)
where K, Kg+ and Kp represent the scalar curvatures of M = (R", g*) x F™, (R", g*) and F™, respectively. Note that

Ke = ek [201 = D0t — (0= D (v)° ] Kp =2pm.

k=1

Substituting this expression into (3.15), we get

K = ZSK [2(11 — DY Y, — (M —T)n (w‘x")z] +Apm.

k=1
Multiplying by o on both sides of the above equality, we obtain

p(Kg +Ke) = prrm+p > e [Z(n — DY — (1 — D (1//,,(,()2] . (3.16)
k=1

Replacing the expressions found in (3.13), (3.14) and (3.15) into (3.12), we have

n

1 n (n—1eg; hy & <&
m [(n = )Y % + Ei Z&“kw,xkxki| - T’ > e (Vi) + s + zw"T" - EI > e xhxg (317)
k=1 k=1 k=1

= (p (Kg= + Kr) + X) g* (Xi, Xi) .
Substituting equation (3.16) into (3.17) and multiplying by 2, we can verify that
1 2 2
&i Z Ek I:\/f\”,xkxk - (Tl - 1) (W,xk) - ‘/fl/f,xkh,xk - 2(Tl - 1)P¢1/f,xkxk + (n - 1)”:0 (w,xk) ]
k=1

N [(n DU AU +2¢¢,xih_xi] = (Apmp + X) &;.

If Y1,Y2,...,Yn € L(F), we get

Hessg(h) (Yi,Y;) =0. (3.18)
Substituting the equations given by (3.13), (3.16) and (3.18) into (3.12), we obtain
n ) 5
(M»Fm +0) & (2(n — DY Y x — =D (Vx,) ) + k) gr (Yi,Yj) =2rgr (Yi,Y)), (319)
k=1

which implies
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prem+p Yk (200 = DY — (1= D (V)) + X =

k=1

Therefore,

> ek ((1=1np (v)* =20 = DPY ) =2 (mp = D +7. O
k=1

We want to find solutions to the system of equations (3.9), (3.10) and (3.11) of the form v (r) and h(r), where r =

n

3 ekxﬁ. The following theorem reduces the system of partial differential equations (3.9), (3.10) and (3.11) into a system of
k=1
ordinary differential equations that must be satisfied by such solutions.

Theorem 3.5. Let (R", g) be a pseudo-Euclidean space, n > 3, with coordinates x = (x1, --- , X,) and gij = 8;j&;. Consider M =

1
(R™, g*) x F™, where g* = Wg, F™ an Einstein pseudo-Riemannian manifold with constant Ricci curvature Ar and smooth func-

n
tions y (r) and h(r), wherer = ) ekxi. Then M is a gradient p-Einstein soliton with h as a potential function if, and only if, functions

h and  satisfy: !
n—2)¢" +yh”" +2¢'h =0, (3.20)
29 20— DA —np)y' +yh']+ (3.21)
ar[ (=20 =Dp) vy + @ = Dp = 1) (v')* = py'h' | = (remp + 7).

and

—dn(n — 1)py Y’ +4r [(n —np (v')* =2 — 1)p¢¢”] —hp (mp —1) + i. (3.22)

Proof. Let g* = ~2g be a conformal metric of g. We are assuming that ¥ (r) and h(r) are functions of r, where r =
> ket Ekx2. Hence, we have

U =28V, Y = 4xz‘2‘l’” +2ey, Yoy =4ciexixy’,
and
h,x,- =2¢ix;h’, h»XiXi = 4)(,-2’1,/ +2¢g;h, h,x,-xj = 481‘8]')(1‘th//.
Substituting these expressions into the first equation of Theorem 3.4, we get
n—-2) (481‘8inle//”) + (48,'8inth”) + (28,')(1'1///) (28]'th/) + (ZEJ'X]'\/I/) (281Xih,) =0,
equivalently,
4giej[(n—2)y" + ¥h" +2y'h | xix; = 0.
Since there exists i # j, such that x;x; # 0, it follows that
(n— 2)1ﬁ//+ 1//h”+2w/h/ -0

Similarly, considering the second equation of Theorem 3.4, we obtain

W [(n -2) (4x,-21p” + 28,’1,[/) +v <4xi2h” + 2eih’) +2 (2eixiy) (Zeixih’)] +

sy ek [(1=201= Dp)y (49" +280) + (1= D(np = 1) (2s059) | +

k=1
n
& Z e [—v axy’) exh’)] = (KFTH/O + 5») &i,
k=1

equivalently,
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46y e [(1=2m = D) Yy + =D =D (W) = vy |+

k=1

4y [(n—2y9" +yh" + 29’0 | %} + 2y [(n — 29 + yh'] &+

260y ek [(1 =20 = Dp) yy'en] = (hemp + 1) e

k=1

From equation (3.20), it follows that
2y [(1— 29 +¥h' + (1 — 200~ Dp)ny'] +
+ar[( =20 =Dy yy” + (1= Dmp =) (') = ' | = (hemo + ),
implies that
2y 20— (A —np)y' + vh']+
ar[=200- DYy + = Do =1 (¥)’ = vy | = (remp + 7).

Finally, from the last equation of Theorem 3.4, we have

n
3 e [—2(n —1py (4x,3w” + 2sk¢/) +@m—Dnp (2ekxk1p’)2] —Ar(mp — 1)+ i.
k=1
Therefore,

—dn(n—Dpyy +4r [(n —Dnp () -2 — 1)p¢¢”] —Ap(mp—1)+i. O

Considering p = 2(%_]) the equations found in Theorem 3.5 are easier to deal with, under these considerations we
obtain the following result:

Corollary 3.6. Let (R", g) be a pseudo-Euclidean space, n > 3, with coordinates x = (x1,--- , X;) and gij = &;;&;. Consider M =
1
(R", g*) x F™, where g* = -8, F™ is an Einstein pseudo-Riemannian manifold with constant Ricci curvature Ag and smooth
n
functions y (r) and h(r), where r = ) 8kx,3. Then M is a gradient Schouten soliton with h as a potential function if, and only if,

k=1
functions h and  satisfy:

=29 +yh” + 29’1 =0, (3.23)
’ ’ N2 | AFM A
y[n-2)y +1ph]+r[(2—n)(1//) —zwwh]_eri, (3.24)
and
’ n n2 ” AF 5\
—nyy +2r[§(w) _W]:m(m_z"HHE' (3.25)

The next lemma provides us with the necessary conditions for the existence of gradient Schouten solitons.

Lemma 3.2. Consider smooth functions y (r) and h(r) with r = Y_I' ; sixiz. If ¥ (r) and h(r) satisfy (3.23) and (3.24), then ¥ (r)
satisfies the following ordinary differential equation:

2
g =r(y) —yv. (3.26)
Proof. Just follow the same steps as Lemma 3.1, considering the second equation of Corollary 3.6. O

10
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4. Proof of the main results

Proof of Theorem 1.4. By expressing (3.6) of Lemma 3.1, we have

" /

LA, (41)
% %
implies that
P(&) = et (42)
Substituting this equation into the second equation of (3.5), we get
f/(%.) — (2 B n)k _ Me—z(ék-i-k]). (43)
2 k
Therefore,
f@é) = ué + -5 2k e~ 2Ek+k) 4, (4.4)

where k € R% and k1, k; e R.
Reciprocally, considering ¢ and f given by (4.2) and (4.4) respectively, the first equation of (3.5) is satisfied, i.é.,

(n _ 2)(/)// + (pf// + 2(p/f/ — (n _ 2)k26k5+’<] + 2)\'8ioef(ké+k1) + (2 _ n)kzek5+k1 _ 2)\.8{097(k5+k1).
Therefore,

n—-2)¢" +of"+2¢'f =0.

Furthermore, the second equation of (3.5) is trivially satisfied. This concludes the proof of Theorem 1.4. O

Proof of Corollary 1.1. Follows by Theorem 1.4 that the conformal factor ¢ is given by @(£) = e+k1 where & = ZE:] oiX;
and ZZ:] a,f = 1. Without loss of generality, suppose that o1 # 0. Let us split the proof into two cases, oy > 0 and a1 < 0.

Case 1: If a; > 0, consider the divergent curve «(t) = (t,0...,0),t > 0 such that o/(t) = (1,0..., 0), @(c(t)) = ekert+k1 and
g ®,a't)= % Consequently,

2(karqt+kq) *

(@)= lim [ e 2ket+kogy,
t—>00
Therefore

(o) = L im etk o ¢
2kotq t—> 00 ’

where c is constant and finite. Therefore (R", g) is not complete.
Case 2: If a1 < 0, consider the divergent curve y (t) = —a(t),t > 0 such that y’(t) = (—1,0...,0), @(y (t)) = e k1t+k1 and
Zym.ym)= ﬁ Consequently,

I(y)= lim [ e~2keittkogy,
t— 00
Therefore,

1
)= 3 Jim 2t oy = ¢,

where c; is a constant and finite. Therefore, in both cases (]R”, g) is not complete. This concludes the proof of Corol-
lary 1.1. O

Proof of Theorem 1.7. From Lemma 3.2 we know that v () = kor® with ky > 0. Since ¥ (r) must satisfy equation (3.25), it
follows that

AF )

—2rkortkas(s — D 2= —2C (m—2n+2)+ =,

2k ( ) 1) ( ) 5

—nkyrikysr’™ —i—nrk2 2p25-2

11
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equivalently,
—nk3sr® 1 4 nk3s?r?S T — 2k3s(s — 1)re T = _ A (m—2n+2)+ E
2 2 4n—1) 2’
which implies
AF A
— D=k T = L (m—-2n+2)+=. 45
s(s = 1)(n — 2)ksr 4(n—l)(m n+ )+2 (4.5)

Since the right side must be constant, we have either s=1 or s = 1.

2
If s=1, we have A = —% (m — 2n + 2), by the fact that v (r) and h satisfy equation (3.24). Note that

Y =kor, Y' )=k, Y')=0
Consequently

Apm by
2. 2.2 2 2.2 F
(n — 2)k5r 4+ k5r°h’ 4+ (2 — n)ksr — 2k5r°h’ = 201 t3

implies that
AFm X _1
hn=——+— |1 +ki.
” (4(n—1)k2 I%) !

h(r) = ,2 =1 4k,

Reciprocally, the function ¥ (r) and h(r) given in (1.8) satisfy (3.23), (3.24) and (3.25). Since

A ) A )
B =_ F7m2+_2 1’_2, B =2 FM 4+ 3
4(n— ks  2k; 4(n— ks 2k5

In this case

AFm X _ AFm A _
n—2y" +yh +2y'h =2 ———— + = |3 2 - —— + = |r %],
=2y v 4n—-1)k3  2k3 4n—1)k3  2k2

equivalently,

(n—2)1//”+1//h”+21ﬁ’h'—2 )»Fm +i T72—2 Xpm +i r72
S T\am -k 263 4n-1k3 263 )

Thus,

Therefore (n — 2)y” +yh” +2y'h’ =0
Clearly, in this case the second and third equation hold.

~ o2
If s= 5, we have by (3.24) and (3.25) that 4(n ) (m—-2n+2)+ ’21 = —% and 4?,1‘”7'"1) + 5= w . Consequently we

obtain A = —%kz and A =(n— 2)k2. Substituting ¥ (r) = kzr% into (3.23), we obtain h(r) = % (nr)? +clnr+
c1, where c,c1 € R.
This concludes the proof of Theorem 1.7. O

Proof of Corollary 1.2. Except for homothety we can consider k; = 1 in Theorem 1.7. It has been proven in [18] that
(R™, g*), gl’.kj = Sij/ljfz, with ¢ (r) =15, is complete only for s = % Moreover, (R” \ {0}, g* = %go) is isometric to R x S"~1.
Since Ar = (n — 2) > 0, it follows from the Bonnet-Myers Theorem that F is compact. O
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